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The development of composite technologies contributes to their wide introduction into 

the practice of designing modern different-purpose structures. Reliable prediction of the 

stress-strain state of composite elements is one of the conditions for creating reliable 

structures with optimal parameters. Analytical theories for determining the stress-strain 

state of multilayer rods (bars, beams) are significantly inferior in development to those 

for composite plates and shells, although their core structural elements are most com-

mon. The purpose of this paper is to design an analytical model for bending double sup-

port multilayer beams under a concentrated load, with the model based on the previ-

ously obtained elasticity theory solution for a multi-layer cantilever. The second part of 

the article contains examples of the implementation of the model for bending double-

support multi-layer beams under a concentrated load, with the model constructed in the 

first part of the article. Using this model, solutions to the problems of bending multi-

layer beams with different types of fixation of their extreme cross-sections were ob-

tained. The resultant relations were approbated using test problems for determining the 

deflections of homogeneous composite double-support beams with different combina-

tions of fixation, as well as in determining the stresses and displacements of a four-layer 

beam with a combination of a rigid and hinged fixation at its ends. The results obtained 

have a slight discrepancy with the simulation results by the finite element method (FEM) 

and the calculation by the iterative model for bending composite bars, even for relatively 

short beams. In addition, it is shown that the neglect of the shear amenability of layer 

materials results in large errors in determining the deflections, and in the case of stati-

cally indefinable beams, reactive forces and stresses. The approach used in the construc-

tion of the model can be extended to the case of beams with arbitrary numbers of con-

centrated forces and intermediate supports, and to calculate multilayer beams with dif-

ferent rigidity of their design sections. 

Keywords: multilayer beam, orthotropic layer, concentrated load, deflection, stresses, 

displacements. 

Introduction 

The mechanics of deformation of composite multilayer plates and shells is the subject of a large num-

ber of fundamental scientific works [1–8]. The deformation of composite rods (bars, beams) is less studied, 

although such structural elements are most common.  

When a problem of bending composite beams is solved, there is a wide spread use of refined models, 

in particular, constructed by an iterative method [9–11]. Such models are quite universal, however, they are 

very cumbersome and difficult for practical use at high refinement steps. At the same time, exact solutions for 

multi-layer beams, for example [12, 13], are limited in the capability of taking into account different types of 
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loads and supports. However, on their basis, we can obtain relatively simple, but fairly accurate applied solu-

tions to typical problems.  

In the first part of paper [14], we constructed an analytical simple bending model of a two-support 

multi-layer beam under a concentrated load. To construct it, we used a general solution of the theory of elastic-

ity for a multi-layer cantilever beam with a load at the end [12]. The purpose of this part of the paper is to dem-

onstrate the application of the constructed model to the most common schemes for fixing two-support beams 

under a concentrated load, as well as approbating the relations obtained in the process of solving test problems. 

Main part 

The simple bending model of a two-support multilayer beam under a concentrated load, built in the 

first part of article [14], comprises: relations (2)–(4) for the components of the main SSS of beam segments, 

system of equations (10) for determining the initial parameters of a beam, as well as the dependencies be-

tween the initial parameters of the first and second sections (11). The relations for the SSS components con-

tain 6 static (values of internal force factors 
( ) ( ) ( )

2,1,,, 111 =iMQN
i

y
i

z
i

x ) and 6 kinematic (displacement values 

( ) ( ) ( ) 2,1,,, 111211 =iwuu
iii ) initial parameters, which depend on the type of beam fixation at the ends. In each spe-

cific case of fixation, 6 out of 12 parameters can be specified directly, and the remaining 6 can be determined  

by solving the system of algebraic equations (10) [14]. 

Consider the main stages of the implementation of the model in de-

termining the basic SSS of hinged end, fixed end, and fixed-hinged beams. 

Hinged End Beams. Let us assume that the left hinge support of 

the beam is fixed, and the right one does not limit the longitudinal 

movement of the fixed point (Fig. 1). 

For this method of fixing the ends of а beam, we can directly 

specify the following static and kinematic conditions for the initial and 

final cross-sections: 

 

Fig. 1. Scheme of a hinged end beam  
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The first expression in (1) takes into account that the displacement of the left support hinge relative 

to the end stiffness center will cause the appearance of an initial bending moment. 

Substituting (1) into (10) [14], we obtain a system of equations for determining the unknown initial 

and final parameters 
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Having solved (2) in relation to the unknown static and kinematic parameters, we have 
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The initial parameters for the second design segment can be determined by substituting (1) and (3) 

into (11) [14]. 

It should be noted that in this case the problem is statically determinate, and the static parameters can 

be determined from the equilibrium conditions of the beam. This allows us to perform an indirect verification 

of the correctness of the transformations executed. 

By substituting the obtained initial parameters into relations (2)–(4) [14], we can obtain expressions 

for determining all the SSS components on the design segments of the beam under consideration. 

For example, determine the deflection of the bottom fiber in the cross-section of the load. Substitut-

ing (1) and (3) into the last relation (9) [14], we get 
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In the case of a homogeneous orthotropic beam with a rectangular cross- section, expression (4) 

takes the following form: 
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When the beam is under the action of only the normal component FFz −=  in the middle section 

( 221 lll == ), on the basis of (5), we get the relation 
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Equality (6) is similar to the well-known expression for the deflection of an isotropic beam, but in 

contrast, it contains the component ( )2
212 hlD  that determines the amenability of materials to transverse 

shear and compression deformations. 

For a homogeneous orthotropic beam with a rectangular cross-section, expression (6) takes the fol-

lowing form: 
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Fixed End Beam. Simulate the rigid fixation of the beam left end (Fig. 2) similarly to the fixation  

of the console in [12, 13], assuming the displacement of the cross-

section extreme points to be zero 

( ) ( ) ( ) 0,0,0 1
11

1
11

1
12 === wuu .                               (8) 

In the movable fixation of the beam right end, the longitudi-

nal displacements are not equal to zero, but their values in the ex-

treme lower and upper fibers are equal. Then, together with the condi-

tion of the absence of longitudinal force and transverse displacements, 

write such values for the final parameters: 

 

Fig. 2. Scheme of a fixed end beam 
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Taking into account (8) and (9), the determining system of equations (10) [14] will take the form 

 
( ) ( ) ( ) ( ) ( ) ( )

,,,0 2
1
1

1
1

2
2

1
1

2
2

1
1 MFlMlQMFQQFN zyzyzzzxx +++=+=−=   



DYNAMICS AND STRENGTH OF MACHINES 

ISSN 0131–2928. Journal of Mechanical Engineering, 2019, vol. 22, no. 1 27 

 ( ) ( ) ( ) ( )
,

22 2

21

2

2

21

0

21
1

2

11
1

2

2
11

1

0

2
22

bB

Mlz

bB

Flz

bB

Fl
M

bB

lz
Q

bB

lz
N

bB

l
u zx

yzx ++−++=   

 ( ) ( ) ( ) ( )
,

22 2

22

2

2

22

0

21
1

2

21
1

2

2
21

1

0

2
22

bB

Mlz

bB

Flz

bB

Fl
M

bB

lz
Q

bB

lz
N

bB

l
u zx

yzx ++−++=  (10) 

 ( ) ( )
.

26

6

26

6
0

2

2

2

2

22

3

21
1

2

2
1
1

2

2
3

bB

Ml
F

hbB

lDhl
M

bB

l
Q

hbB

lDhl
zyz −

+
−−

+
−=   

The solution to system (10) are 6 unknown parameters. 
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Similarly to the previous example, we obtain the relation for the deflection of the bottom fiber of the beam 

in the loaded section. By substituting (8) and (11) into the last relation in (9) [14], upon transformation, we get 
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For the case when only the normal component FFz −=  in the middle cross-section ( 221 lll == ) 

acts on the beam, relation (12) can be reduced to 
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As in the previous example, relation (13) is similar to the well-known expression for the isotropic 

beam deflection and also contains a clarifying component. 

For a homogeneous beam with a rectangular cross-section, on the basis of (13), we have 
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When comparing (7) and (14), it can be noted that in the case of 

the rigid fixation of beam ends, with all the parameters being the same, the 

influence of the material amenability to transverse shear and compression 

deformations on the deflections will be 4 times higher. 

Fixed-Hinged Beam. Consider the case when the beam left end is 

rigidly fixed, and the right one is fixed with a hinged movable support 

(Fig. 3). 

Such types of beam end fixation will be described by the follow-

ing values of the initial and final parameters: 

 

Fig. 3. Scheme of a fixed-hinged 

beam  
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Substituting (15) into system (10) [14] and solving the equations obtained, we determine the un-

known parameters 
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The relation for the deflection of the bottom fiber of a beam in the loaded cross-section will be ob-

tained in the form 
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For the case when only the normal component FFz −=  acts on the beam in the middle cross-section 

( 221 lll == ), (17) can be reduced to 
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For a homogeneous beam, using (18), we have 
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Similarly, we can obtain solutions to other problems of bending double-support multi-layer beams with 

a more complex description of different types of beam end fixations, which takes into account, for example, 

their amenability, draft or inaccuracy of installation. 

As an example of the implementation of the relations obtained, we consider the results of their use in 

determining the SSS components of homogeneous and four-layer beams of the 15100×=×bh  mm rectangular 

cross-section. 

Model Approbation 

Homogeneous beam. In this case, we consider carbon-fiber beams (Ex=142.8 GPa, Gxz=5.49 GPa, 

νxz=0.32), loaded with the force Fz=-17500 N in the middle section ( 221 lll == ) with different fixation methods. 

For the indicated initial data based on relations (7), (14), and (19), the deflection of the bottom fiber 

of the beam in the loaded section was calculated. The results of the calculation of beams with different 

lengths are summarized in the table below. 

For comparison, the table shows the results of FEM simulation using Plate-type elements, the calcu-

lation results using the flat section hypothesis ( 0, =ν∞= xzxzG ), as well as the results of the calculation us-

ing the iteration model of the first approximation [10]. 

The data in the table show a slight discrepancy between the results of calculation using the obtained 

relations, FEM, and iteration model, which decreases with increasing the relation hl . At the same time, the 

use of the hypothesis of flat sections leads to significant errors in determining the deflections, from 22 to 

80%, depending on the type of beam end fixation. 

The results of calculating the beam bottom fiber deflection, mm  
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Beam length Solution obtained FEM modeling Hypothesis of flat cross-sections Iteration model 

Hinged end beam (Fig. 1) 

l=5h -0.5177 -0.5399 -0.2553 -0.5516 

l=10h -2.5672 -2.6183 -2.0425 -2.6576 

Fixed end beam (Fig. 2) 

l=5h -0.3262 -0.3216 -0.0638 -0.3377 

l=10h -1.0354 -1.0757 -0.5106 -1.1033 

Fixed-hinged end beam (Fig. 3) 

l=5h -0.4034 -0.4085 -0.1117 -0.3964 

l=10h -1.4877 -1.5414 -0.8936 -1.4973 

 

Four-layer beam. It is accepted that the hl 10=  four-layer beam has 

a combined end fixation (Fig. 3) and is loaded with the force Fz=-17500 N in 

the section hlx 41 == . The structure and dimensions of the beam cross-

section are shown in Fig. 4. 

For the materials of the layers, the following values of the elastic 

characteristics are taken: 

– 1P  (aluminium alloy) – [ ] 701
=xE  GPa, [ ] 9.261

=xzG  GPa, [ ] 34.01
=ν xz ; 

– 2P  (wood) – [ ] 1.122
=xE  GPa, [ ] 21.12

=zxG  GPa, [ ] 49.02
=ν xz ; 

– 3P  (fiberglass) – [ ] 8.363
=xE  GPa, [ ] 5.43

=xzG  GPa, [ ] 351.03
=ν xz ; 

– 4P  (black-reinforced plastic) – [ ] 8.1423
=xE  GPa, [ ] 49.53

=xzG  GPa, [ ] 32.03
=ν xz . 

The position of the stiffness center and characteristics of the cross-

sectional stiffness are obtained using the relations given in [14] 

41,58
1

=Bz  mm, 3
2 1064,5298 ⋅−=B  N·m, 6

2 1031,3472 −
⋅−=D  m

3
. 

Using relations (2)–(4), (11) from [14] and relations (15) and (16) 

obtained above, we have expressions for the SSS components of the calcu-

lated beam segments. These expressions were combined into general ex-

pressions for the entire beam according to (6) [14]. 

 

Fig. 4. Scheme of the beam cross-

section (dimensions in mm) 

The stress distribution in the cross-section hx =  for a multi-layer beam is shown in Fig. 5, which also 

shows the distribution of the longitudinal modulus of elasticity. The dashed line shows the stresses obtained using 

the hypothesis of flat cross-sections ( 0, =ν∞= xzxzG ). 

The maximum values of the 

stresses xσ  in the lower and upper layers 

differ from those obtained in the FEM cal-

culation by 6 and 0.8%, respectively. The 

use of the hypothesis of flat cross-sections 

leads to an increase in stress values by 18 

and 26%. 

This can be explained by an in-

crease in the calculated value of the support 

reactive moment in the rigid fixation when 

the hypothesis of flat cross-sections is used. 

The obtained relations give the value of the 

bending moment 30431 =yM  N·m, and the 

application of the hypothesis of flat cross-

sections leads to its increase by 10.4% to 

33601 =yM  N·m. 

Separate displacement distribu-

 

Fig. 5. Graphs of the stress distribution in the cross-section near the 

rigid fixation 
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tions are shown in Fig. 6, where the dashed 

line shows the displacements obtained us-

ing the hypothesis of flat cross-sections. 

The graph for the longitudinal dis-

placements (Fig. 6, a) shows the curvature 

of the cross-sections under the action of the 

transverse force, which cannot be predicted 

using the hypothesis of flat cross-sections. 

The comparison of the obtained value of 

the longitudinal displacements in the ex-

treme fibers of the beam with the FEM   
           а)                                                                    b) 

Fig. 6. Graphs of the distribution of displacements: 
a – longitudinal; b – transverse 

simulation results shows a small difference (up to 7%). However, near the rigid fixation and the loaded section, 

the difference from the results of the FEM calculation increases. 

The deflection of the bottom fiber of the beam (Fig. 6, b) in the loaded section according to the ob-

tained relations was 3.61 mm, which is only 1.7% higher than the value obtained by FEM simulation 

( 55.3|
11 , === zzlxw  mm). At the same time, the application of the hypothesis of flat sections leads to a de-

crease in the deflection by 57%, up to 52.1|
11 , === zzlxw  mm. 

Using the obtained analytical rela-

tions for the displacements, an after-

deformation beam shape is constructed, 

with the displacements increased 40-fold 

(Fig. 7). For comparison, Fig. 7, b shows 

the shape of an after-deformation beam 

constructed based on the relations for the 

displacements, which are obtained using 

the hypothesis flat cross-sections. 

The fracture of the deformed fibers 

of the beam in the loaded section in 

Fig. 7, a and the shift of the maximum de-

flection of the beam result from both the 

simplification of the kinematic conditions 

for the joint deformation of the design seg-

ments and rigid fixation. It should be noted  

 
Fig. 7. Beam shape after deformation (displacements increased 40-fold): 

a – according to the constructed model; b – taking into account the 

hypothesis of flat cross-sections 

that such a distribution of displacements, in general, turns out to be much closer to the results of the calcula-

tion by FEM and the iterative model than that obtained using the hypothesis of flat cross-sections (Fig. 7, b). 

The picture of displacement distribution can be clarified by improving the relevant kinematic conditions. 

However, this will obviously lead to a complication of the final relations. 

Conclusions 

Thus, on the basis of the constructed simple bending model of double-support multi-layer beams un-

der a concentrated load, particular solutions are obtained for the main SSS of beams with different combina-

tions of fixation of their extreme sections. 

The obtained relations were approbated when we solved the test problems of bending homogeneous 

orthotropic and four-layer beams with different types of beam end fixation. The comparison of the obtained 

results for individual SSS components with the results of FEM simulation and calculation by an iteration 

model shows good convergence with the exception of the zones near the loaded and fixed cross-sections. At 

the same time, the use of the hypothesis of flat cross-sections leads to significant errors in the determination 

of displacements, and for statically indefinable problems, also internal force factors and stresses. 
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The demonstrated approaches to solving bending problems can be used without difficulty in the 

process of constructing solutions to more complex applied problems of bending multilayer beams with vari-

ous combinations of loading and fixation. 
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Основний напружено-деформований стан двохопорних багатошарових балок під дією 

зосередженого навантаження. Частина 2. Реалізація моделі та результати розрахунку 

Ковальчук С. Б., Горик О. В. 

Полтавська державна аграрна академія, 36003, Україна, м. Полтава, вул. Сковороди, 1/3 

Розвиток технологій композитів сприяє їх широкому впровадженню в практику проектування сучасних 

конструкцій різного призначення. Достовірне прогнозування напружено-деформованого стану композитних елеме-

нтів є однією з умов створення надійних конструкцій з оптимальними параметрами. Аналітичні теорії визначення 

напружено-деформованого стану багатошарових стрижнів (брусів, балок) значно поступаються у розвитку тео-

ріям для композитних плит і оболонок, хоча стрижневі елементи конструкцій є найпоширенішими. Метою даної 

роботи є побудова аналітичної моделі вигину двохопорних багатошарових балок під дією зосередженого наванта-

ження на основі отриманого раніше розв’язку теорії пружності для багатошарової консолі. У другій частині 

статті наведені приклади реалізації моделі згину двохопорних багатошарових балок під дією зосередженого наван-

таження, побудованої у першій частині статті. Із використанням моделі отримано розв'язки задач згину багато-
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шарових балок з різними способами закріплення їх крайніх перерізів. Отримані співвідношення апробовані на тесто-

вих задачах визначення прогинів однорідних композитних двохопорних балок з різними комбінаціями закріплень, а 

також під час визначення напружень і переміщень чотиришарової балки з жорстким і шарнірним закріпленням 

торців. Отримані результати мають незначну розбіжність з результатами моделювання методом скінченних 

елементів і розрахунку по ітераційній моделі згину композитних брусів, навіть для відносно коротких балок. Крім 

того, показано, що нехтування зсувною піддатливістю матеріалів шарів призводить до великих похибок під час 

визначення прогинів, а у разі статично невизначених балок – також реактивних зусиль і напружень. Застосований 

під час побудови моделі підхід можна розширити на випадок балок з будь-якою кількістю зосереджених сил і про-

міжних опор та для розрахунку багатошарових балок з різними жорсткостями розрахункових ділянок. 

Ключові слова: багатошарова балка, ортотропний шар, зосереджене навантаження, напруження, пере-

міщення. 
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