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An adaptive approach to the numerical differentiation of difficult-to-compute functions 

is considered. Complex dependencies, which are the result of multiple superpositions of 

functions or the product of various algorithmic processes, are knowingly difficult to 

study directly. To establish the nature of the behavior of such dependencies, one has to 

resort to numerical analysis. One of the important characteristics of functions is a de-

rivative, which indicates the direction and rate of change of a dependence. However, 

with difficult-to-compute functions, the available a priori information is not always 

sufficient to achieve the appropriate accuracy of the solution by known means. The loss 

of accuracy occurs due to the accumulation of round-off errors that grow in proportion 

to the number of calculated values of a function. In this case, it is necessary to pass on 

to the posterior approach in order to determine the behavior of the function and move 

away from the scheme of equidistant nodes, relying on an adaptive way of studying the 

local situation in the domain of the function. This paper implements an adaptive method 

for finding derivatives of a function with a minimum of restrictive requirements for the 

class of functions and the form of their assignment. Due to this, the costs of calculating 

the function have been significantly reduced with the result that their number has been 

brought to almost the optimal level. At the same time, the amount of RAM used has 

sharply decreased. There is no need for a preliminary analysis of the problem of estab-

lishing the class of the function under study, in the involvement of special functions or 

transformation of initial conditions for using standard tables of weight coefficients, etc. 

For research, it is enough to assign a continuous and bounded function on a fixed seg-

ment and a minimum step, which is indirectly responsible for ensuring the required 

accuracy of differentiation. The effectiveness of the proposed method is demonstrated 

on a number of test examples. The developed method can be used in more complex 

problems, for example, in solving some types of differential and integral equations, as 

well as for a wide range of optimization problems in a wide variety of areas of applied 

analysis and synthesis. 

Keywords: non-differentiable function, piecewise linear approximation, adaptive 

step-by-step selection of nodes. 

Introduction 
The list of problems leading to the necessity of calculating the derivative of a function is extremely 

diverse and numerous [1–4]. In fact, in order to analyze the characteristics of processes, as well as estima-

tions associated with the accuracy of the solutions obtained, they resort to the use of derivatives that establish 

the rate of change of a particular feature, its extreme properties, etc. 

The class of functions offered by practice is very wide, and the functions themselves are often diffi-

cult to compute [5–7]. Sometimes they are represented by complex analytical structures (for example, multi-

ple superpositions of functions, experimental results), or are defined algorithmically. Therefore, one has to 

focus on the numerical methods that do not impose strict requirements on the function f(x), except that they 

require its continuity with a finite number of singularities in the segment [A, B]. 

Differentiation of elementary functions is a fairly simple operation. In the general case, the error in 

the approximate derivation of the derivative m of order f
 (m)

(x
*
) at the point x

*∈[A, B] from the given table 

function y=f(x) (at the nodes A≤x0<x1 < ... <xn≤B the function values y0, y1, ..., yn are known) can be repre-

sented in the form [8, 9] 
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provided that the function is n+1 times continuously differentiable on the segment [A, B]. Here, Pn(x) is an 

interpolation polynomial satisfying the conditions 
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Such a scheme, based on the Lagrange interpolation formula [8, 9], most often provides for equally 

spaced nodes xi∈[A, B]. As a result, the function is assumed to behave similarly in certain sub-segments of 

the segment [A, B], which may entail a loss of the required accuracy of calculating the derivative f
 (m)

(x
*
). A 

simple increase in the number n of the nodes xi does not always solve this problem, since the closeness of the 

functions f(xi) and Pn(xi) still does not guarantee the closeness of their derivatives at other points, especially 

since the error increases due to the accumulation of round-off errors. With large n, small errors in the values 

of fi can result in large errors [9–11]. 

For approximate differentiation, formulas based on the Gregory-Newton and Newton-Stirling inter-

polants are widely used [10]. However, in the first case, one often has to deal with relatively large coeffi-

cients with divided differences, which entails a loss of accuracy, and in the second one, an error occurs due 

to the use of a smaller number of significant digits in the finite differences, and therefore in the calculated 

values of derivatives. 

Applying any formula of approximate differentiation, one always introduces a number of assump-

tions and restrictions regarding the properties of the function, for example, the absence of rapidly oscillating 

components, the period of which does not exceed the step size. The use of usual differentiation formulas 

(Newton, Stirling, etc.) presupposes a certain "correctness" in the behavior of finite differences for given 

equally-spaced grid nodes. If such correctness is violated, then every time it is necessary to conduct a special 

study of the nature of the function. 

An attempt to select an optimal differentiation step, posed as the problem of minimizing the sum of 

truncation and round-off errors, solves the question, but only for a specific function [11, 12]. 

Since with the nonlinear transcendental functions f(x) the use of divided differences for approxima-

tion is problematic, then one tries to compensate for the lack of information about the nature of the function 

by simply increasing the number of nodes, which is not always justified. This is especially noticeable in the 

case of difficult-to-compute functions [13]. 

It would seem that it could be more convenient here to approximate the functions f(x) by splines 

[12]. They have greater local flexibility. Even with a small degree n of the polynomial (three, five), splines 

show good results in the selected sub-segment of the segment [A, B]. But again, the question of using the 

nodes xi to preliminary divide the segment [A, B] into sub-segments remains open. Therefore, for difficult-to-

compute functions, one can expect to obtain a derivative of only a limited level of accuracy. The reduction of 

the derivative calculation error when dividing the segment [A, B] into an increasing number of sub-segments 

(n>5 splines) is rather slow. At the same time, the complexity of calculations increases significantly due to 

the appearance of a large number of coefficients in the formulae used. 

The aim of the proposed work is to increase the efficiency of approximate differentiation in condi-

tions of poor awareness of the nature of the behavior of an undoubtedly difficult-to-compute function. 

Problem Formulation  

The main source of error in calculating derivatives (especially for difficult-to-compute functions) is, 

on the one hand, the number n of its calculations, and, on the other hand, the uncertainty of the method of 

dividing the segment [A, B] into small sub-segments, with a previously unknown character of behavior of the 

function y=f(x). This circumstance forces us to abandon the a priori assignment of the number of nodes n and  

turn to their a posteriori selection based on the analysis of 

the emerging search situation. Such a choice of points for a 

function given over an interval of great length puts forward 

stringent requirements for the construction of the computa-

tional process. It should provide qualitative tracking of 

changes in the behavior of the function over the entire in-

terval under study. 

Striving for the most economical and simple way of 

approximating the original function f(x), given by a discrete  

 

Fig. 1. Scheme of approximation of g (x) to f (x) 
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set of its values, leads to the use of first-order splines, i.e. to a piecewise linear approximation g(x) (Fig. 1). 

This gives rise to unwanted breaks in the function g(x). However, the derivative at point c (see Fig. 1) can be 

approximately represented by its piecewise-difference analogue, using, for example, the weighted-slope 

method [14]. The accuracy of the approximation of the derivative )(xf ′  at point c with left-hand ∆ca, and 

right-hand ∆bc(∆uv=(f(u)–f(v))/(u–v)) differences is proportional to the distance of points a and b from c. 

Therefore, putting 

∆c=[(b–c) ∆ca+(c–a) ∆bc]/(b–a), 

we come to the weighted-slope method  

 ∆c=∆ca+∆bc–∆ba.  (2) 

In this case, the derivative at point c of the function f (x) is replaced by weighted average approxima-

tion, when the role of weights is played by corresponding ratios of the lengths of the arcs 
∩∩

baca /  and 

∩∩

babc / . Coarsening the derivative approximation, one can replace the lengths of the arcs 
∩

bc  and 
∩

ca  with 

the lengths of the chords bc  and ca  that contract them, i.e. put 

bccac
cabc

ca
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∆

+
+∆

+
≈∆ . 

The smaller the neighborhood of point c, the closer ∆с to )(cf ′ . 

The error in the approximation of the derivative of the given function f(x) at point c can be repre-

sented by the value 
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assuming that )2)(()(max )3()3(
bcfxf

Ix
+≈

∈
 and counting approximately  

)()(3)()3(
adxf cb −∆ ′′−∆ ′′≈ , 

where )()(2 cdbcdbb −∆−∆≈∆ ′′ ,  )()(2 abcabcc −∆−∆≈∆ ′′ . 

The division of the segment [A, B] into sub-segments with different behavior of the function f(x) will 

be carried out according to the change in the value of the discriminant 

 D=ε–σk,  (3) 

where ε is a given average level of accuracy for the entire region of differentiation of the function f(x), and σk 

is a criterion for a local situation [15, 16]. Let us agree to determine σk (see Fig. 2) as follows 

 σk=
∗∗ − kk gy ,   (4) 

∗
ky =0.25 (1+λk) yk+1+3 yk–λk yk–1 ,         λk=hk/(hk+hk–1), 

∗
kg =0.5 (yk+yk+1),          

∗
kx =0.5 (xk+xk+1). 

The situation σk models the proximity of the function f(x) to the broken line g(x) approximating it at the 

place of the probable largest deviation of the function f(x) from g(x), i.e. in the vicinity of the point ∗
kx . For this, 

the direction of the derivative lbae  at point a is used, and not the direction of the previous chord la . Thus, if 

the method of approximate differentiation, even at the most unfavorable points of the form ∗
kx , provides the given 

accuracy, then in all other cases an acceptable result is guaranteed. The choice of the point c=(e+d)/2 accepted 

here (see Fig. 2) pursues the only objective – to simplify the approximation algorithm as much as possible. 

To obtain the new points xk+1=xk+hk, the adaptive choice of which is determined by the situation σk, 

which describes the behavior of the function f(x) in the segment [A, B] in the vicinity of the point ∗
kx , we use 

the controlled process [14–16] 
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hk+1=hk exp(αD),   α>0.                 (5) 

Here, the coefficient α is responsible for 

the degree of influence of the evolving situation on 

the rate of change of steps in (5). 

Changing D in (5) increases (or decreases) 

the step size hk+1. Thus, this indirectly affects the 

accuracy of calculating the derivative through the 

accuracy of the approximation of the function f(x).  

As it is shown in figure 2, monitoring the 

local situation σk (4) together with the level of ac-

curacy ε and with account of (3) can serve as a 

control action in the step process (5), i.e. 

hk+1=hk exp [α(ε–σk)].   (6) 

 

Fig. 2. The situation maxf(x)-g(x) in the neighborhood x
*
k  

To accelerate the advance along the segment [A, B], we take some ε>σ0, which can remain constant 

or be rearranged in the course of process (6) in accordance with the degree of change in the situation σk. 

The value of the initial step h0 of process (6) is determined from the condition of the positiveness of 

the discriminant D, i.e. choosing ε>σk, for example, ε=(1.01÷1.1) σ0, since there is not enough information 

about the function f(x) and the distribution of its characteristic points of different nature (extreme points, 

kinks, etc.) in the given segment [A, B]. 

When approaching neighborhoods with kinks or extreme points, the angle between the directions of  

derivatives at the neighboring points xk–1, xk noticeably increases, which accordingly entails a sharp decrease 

in the step, down to values close to hmin, below which it is no longer advisable to distinguish the change of 

the function f(x) for its approximation. But if the indicated neighborhood has already been passed and D>0, 

then to accelerate  process (6), we can return to the initial step, for example, h0=(1.1÷1.2) hmin. 

Passing the segment [A, B] by the adaptive method (6) in N calculations of the function f(x) makes it 

possible to obtain the same number of values of the approximate derivative ∆c (2). 

Using the example of the simple function xxf =)(  [0.01; 1.01], we will start and exit the program 

when the adaptive differentiation method is applied. Fig. 3 shows the exact behavior of the derivative )(xf ′  on 

the segment [A, B], as well as the points of its approximate value ∆ (2). 

After two equal initial steps h0=h1=0.01, determined by the accepted value hmin=0.005, have been taken, it 

becomes possible to calculate the criterion of the local situation (4) σk=0.009637592 and assign the value 

ε=0.01>σk with account of σk for the main mechanism (6) of the variable step to be included in the process. 

Since the last step h33=0.01703624 of proc-

ess (6) places the last point x33=1.041639436 outside 

the point B=1.01 of the segment [A, B], the algo-

rithm replaces the value of x33 with the value 

B=1.01. The result was obtained at an intensity 

equal to α=10. 

If the derivative approximation process 

were carried out with the same but constant step 

h=h0, which ensures the obtained average accuracy, 

then on a given interval it would be necessary to 

compute the function 100 times instead of 33. 

As we can see, the adaptive action of for-

mula (6) is aimed not only at choosing the appropri-

ate steps in order to reduce computational costs, but 

also at creating favorable conditions for a better ap-

proximation of the derivatives (2). At the same time, 

 

Fig. 3. Derivative f'(x) and its approximation ∆∆∆∆ 
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when process (6) falls into the neighborhood of a sharp change in the behavior of the function f(x), character-

ized by criterion (4), the use of the weighted slope method (2) may be insufficient to ensure the proper level 

of accuracy of the derivative. In this case, in the sub-segments with a sharp change in the behavior of the 

function, it is necessary to switch to a simple sub-segment scanning with a deliberately reduced step, close to 

hmin. This partly contributes to the non-omission of singularities of the function f(x). 

Numerical Experiment 
The accepted method of numerical differentiation (2)–(6) was tested on the many examples of func-

tions of different complexity. Some of the test functions that have sharp local changes in behavior including 

"kinks" are presented below [8, 10–12, 17–24] 

)1sin(I xxf = ;   ( )3

II 1−= xf ;   xxf 2sinsinIII += ;   ( ) 5.02
IV 4 xexf +−= ; 

)20sin( 3
V xf = ;   ( ) 3132

VI 2 xxf −π= ;   31
VII )3tg( xf = ;   15)1660253( 35

VIII ++−= xxxf ; 

[ ])4()3(arctgIX +−= xxf ;   )sin(lnX xf = ;   25.022
XI ]1)1[()1( −++−= −

xef
x ;   )arctgln(XII xf = ; 

[ ]( )2.0
7 ))1(tg1(lg

XIII 2sin
++= x

f ;   33
XIV 1+−= xxf ;   5.0

XV )2coscos2( xxf −−= ;   3132
XVI )3exp( xxf −= ; 

384.0ln)310sin(sinXVII +−++= xxxxf ; [ ]{ }1)1(sin 5.02
XVIII +π++−π−= xxf ; 

[ ])4()8(arctg 2
XIX +−= xxf ;  )sin1( 22

XX xxxf += . 

Let us introduce a simple concept of the unit cost of obtaining the integral averaged error in calculat-

ing the derivatives in the segment [A, B] in the form 

 ∑
=

∗ −∆−′=
N

k

kk ABfNC
1

)( , (7) 

where kf ′  is the "exact" value and )( ∗∗ ∆=∆ kk x  is the approximate value of the derivatives at the corresponding 

nodes *
kx ; N is the cost of achieving the desired result by this method, i.e. the number of evaluations of the 

functions f(x) for this. 

It is clear that the efficiency of the method, shown in solving a specific problem, is the greater the 

lower the cost C (7), other things being equal. 

We assume that scanning the same segment [A, B] with the smallest possible step hmin provides a 

more accurate approximation of the derivatives. Then we arrive at the inequality 

 ∑∑
=

∗
′

=

∗ ∆−′≤∆−′
N

k

kk

N

i

ii ff
11

, (8) 

where i∨k are the numbers of the nodes of the corresponding grids, and N' is the integer part [(B–A)/hmin]. 

Based on (8), the effectiveness of method (2)–(6) will be conditionally estimated using the simplified 

quality criterion ("efficiency index" [25]) 
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i.e., the ratio of the costs of achieving the corresponding mean-integral absolute errors on the same segment 

[A, B], but on different i∨k grids. 

Criterion (9) contains the well-known principle of equal influences, when it is assumed that the total ab-

solute error on the entire segment [A, B] does not exceed a given value. For convenience, the ″exact″ value kf ′  of 

the derivative in all the above examples was calculated by the formula 

(f( ∗
kx +δ)–f( ∗

kx –δ))/2δ, 

where δ=10
–10

. 
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These costs, of course, are not included in the number of N and N'. 

The table shows the results of calculating the efficiency criterion E (9) for functions I–XX in an 

adaptive way and the achieved cost of Cadap in the segment [A, B]. Here, a specific case of using the constant, 

on the sub-segments [xk, xk+1], precision value ε=0.001, α=10, h0=hmin=0.001. 

Efficiency of finding derivatives by the adaptive method for test functions specified in the segment [A, B] 

f(x) [A, B] Cadap N E 

I [0.2/π; 5/π] 73.93731498 25 4.493741243
 

II [-0.995; 2] 38.67561466 190 4.388755049 

III [0; 2π] 200.8427336 625 1.006234064 

IY [–2.995; 4] 10.13399088 693 1.011373266 

Y [0; 3π/2] 135.9652785 307 1.773252544 

YI [–1; 3.5] 242.4711093 390 1.175904877 

YII [0; 2π] 300.2439079 31 126.3714985 

YIII [0; 4.5] 150.9098132 451 4.666437614
 

IX [–π; π] 3.029803189
 

430 1.58827937 

X [0.01; 5] 343.3627677 90 5.467829259 

XI [– 2; 5] 3365.971896 657 1.088513516 

XII [0.01; π] 54.35070561 39 7.146833836 

XIII [-1.75; 0.56] 909.3456208 125 1.885660155 

XIY [-1; 2] 200.9964238 94 15.46132117 

XY [–π; π] 14.62555623 419 3.433101097
 

XYI [–1; 1.6] 57.04142104 156 3.918496306 

XYII [0.1; 3.5] 5.518200797 142 1.213207504 

XYIII [–1; 1] 269.4804473 27 10.13027855 

XIX [0; 1] 126.9048103 25 4.817065532 

XX [-π/4; 3π] 45719.13737 549 2.803608813 

It can be seen from the table that the proposed method of adaptive differentiation for the considered 

test functions, given on segments of different lengths and with different characteristic points, showed a fairly 

good process efficiency with a completely acceptable result error (despite the constant precision level ε ac-

cepted for all test examples). Almost always, the adaptive method in the segment [A, B] achieves a smaller 

average differentiation error than in the case of a simple scanning with the step hmin, and therefore, for all 

examples, the value E>1. When approaching the neighborhood with a sharply changing situation σk, when 

the values of σk and ε turn out to be weakly correlated, it is necessary to reduce the step to a minimum, 

changing the derivative ∆с (2) for ∆bc. The coincidence or proximity of the results of the costs  to be com-

pared (9) is possible only if, in methods like Scan, any of the points xk turns out to be incidental to the center 

of a sharp symmetric break in the function f(x) with its weakly curved, almost linear sides. Although, in gen-

eral, this is unlikely. 

Conclusions 
The article implements an adaptive method for finding derivatives of a function with a minimum of 

restrictive requirements for the class of functions and the form of their assignment. For real problems, espe-

cially high accuracy of the result is not often required, however, large numerical costs are undesirable, which 

is why the main emphasis in the implementation of the method was aimed at the efficiency of the differentia-

tion process. To implement the method, neither a preliminary research of the given function nor the use of its 

transformations is required. This is especially important in the case of noticeable nonlinearity, most often 

inherent in difficult-to-compute functions. In fact, the minimum information is used, which ensures the 

specified accuracy of differentiation, without resorting in advance to one or another special method of region 

discretization. 

With the help of the created step-by-strep method for clarifying the situation and a simple technique 

for calculating the local derivative, it was possible to limit ourselves to piecewise linear approximation, when 

all the required conditions are easily satisfied without unnecessary numerical costs. The effectiveness of the 

proposed method is demonstrated on a variety of examples of differentiation of functions of different levels 
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of complexity, some of which have sharp local changes in behavior, including "kinks". A numerical experi-

ment showed a noticeable increase in efficiency when using the developed adaptive method in comparison 

with the known methods of approximate differentiation. 

The proposed approach of approximate adaptive differentiation, which occurs in an automatic mode, 

may turn out to be convenient for solving some classes of differential and integral equations evolving in a 

variety of applied areas. 
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Адаптивний метод чисельного диференціювання важкообчислювальних функцій  

Г. А. Шелудько, С. В. Угрімов 

Інститут проблем машинобудування ім. А. М. Підгорного НАН України,  
61046, Україна, м. Харків, вул. Пожарського, 2/10 

Розглянуто адаптивний підхід до чисельного диференціювання важкообчислювальних функцій. Складні 

залежності, які є результатом багаторазових суперпозицій функцій або різних алгоритмічних процесів, склад-

ні для безпосереднього дослідження. Для встановлення характеру поведінки таких залежностей доводиться 

вдаватися до чисельного аналізу. Однією з важливих характеристик функцій є похідна, яка вказує напрям і 

швидкість зміни залежності. Однак при складнообчислювальних функціях наявної апріорно інформації не зав-

жди достатньо, щоб відомими засобами можна було б досягти належної точності розв’язку. Втрата точно-

сті відбувається внаслідок накопичення помилок округлення, які зростають пропорційно кількості задіяних 

значень функції. У цьому випадку доводиться переходити до апостеріорного підходу для того, щоб визначити 

поведінку функції та відійти від схеми рівновіддалених вузлів, спираючись на адаптивний спосіб вивчення лока-

льної обстановки в області визначення функції. У статті реалізовано адаптивний метод пошуку похідних фу-

нкції при мінімумі обмежувальних вимог до класу функцій і форми їх задання. Завдяки цьому значно зменшилися 

витрати на обчислення функції, в результаті чого кількість обчислень було доведено майже до оптимального 

рівня. При цьому різко знизився обсяг використовуваної оперативної пам'яті. Немає потреби в проведенні по-

переднього аналізу зі встановлення класу досліджуваної функції, в залученні спецфункцій або перетворенні по-

чаткових умов для використання стандартних таблиць вагових коефіцієнтів і т.п. Для дослідження достат-

ньо задати неперервну і обмежену функцію на фіксованому сегменті і мінімальний крок, якій побічно відпові-

дає за забезпечення необхідної точності диференціювання. Ефективність запропонованого методу демон-

струється на ряді тестових прикладів. Розроблений метод може бути використано у більш складних задачах, 

наприклад, при розв’язанні деяких типів диференціальних і інтегральних рівнянь, а також для широкого ряду 

задач оптимізації в найрізноманітніших областях прикладного аналізу та синтезу. 

Ключові слова: недиференційована функція, кусково-лінійне наближення, адаптивний покроковий вибір 

вузлів. 
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