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The stress state of a homogeneous isotropic layer under the action of a spa-
tial static external load is studied. Two circular cylindrical supports are cut 
into the body of the layer parallel to its borders. The supports and body of 
the layer are rigidly coupled. The spatial problem theory of elasticity is 
solved using the analytical-numerical generalized Fourier method. The 
layer is considered in the Cartesian coordinate system, the supports are 
considered in the local cylindrical coordinates. Stresses are set on the upper 
and lower surfaces of the layer. The supports are considered as cylindrical 
cavities in a layer with zero displacements set on their surfaces. Satisfying 
the boundary conditions on the upper and lower surfaces of the layer, as 
well as on the cylindrical surfaces of the cavities, a system of infinite inte-
gro-algebraic equations, which are further reduced to linear algebraic 
ones, is obtained. An infinite system is solved by the reduction method. In 
the numerical studies, the parameters of integration oscillatory functions 
are analyzed, problems at different distances between supports are solved. 
A unit load in the form of a rapidly decreasing function is applied to the 
upper boundary between the supports. For these cases, an analysis of the 
stress state was performed on the surfaces of the layer between the supports 
and on the cylindrical surfaces in contact with the supports. The numerical 
analysis showed that when the distance between the supports increases, the 
stresses σx on the lower and upper surfaces of the layer and the stresses τρφ 
on the surfaces of the cavities increase. The use of the analytical-numerical 
method made it possible to obtain a result with an accuracy of 10-4 for stress 
values from 0 to 1 at the order of the system of equations m=6. As the order 
of the system increases, the accuracy of fulfilling the boundary conditions 
will increase. The presented analytical-numerical solution can be used for 
high-precision determination of the stress-strain state of the presented prob-
lems type, as well a reference for problems based on numerical methods. 

Keywords: cylindrical cavities in a layer, generalized Fourier method, Lamé 
equation. 

Introduction 
In mechanical engineering and the aerospace industry, it is needed to face the design of parts, which 

fastening to each other is cylindrical incut. The calculation of such details is usually done using methods of 
resistance of materials, construction mechanics or the finite elements method. That is, the calculation scheme 
is either simplified or an approximate method is used. But such methods are ineffective when it is necessary 
to have accurate values of the stress-strain state [1]. 

Analytical or analytical-numerical methods are used to increase the accuracy of calculation results. Thus, 
in papers [2–5], problems are solved for a layer with cavities perpendicular to its boundaries. But these methods 
cannot be used to solve problems of statics of spatial elastic bodies in the form of a layer with longitudinal cavities. 

Furthermore, in case when cylindrical cavities are parallel to the layer boundaries, stationary problems 
of diffraction of elastic waves, where the Fourier method is used in combination with the method of images, are 
considered in papers [6–9]. But this approach does not allow to solve problems with more than three boundary 
surfaces.  

For spatial models with a large number of boundary surfaces and high accuracy of the stress state deter-
mination, the analytical-numerical generalized Fourier method is the most effective [10]. Based on this method, 
the problems for a cylinder with cylindrical cavities or inclusions [11–14], for a half-space with a cavity [15], for a 
layer with one cavity [16, 17], a layer with several cylindrical cavities [18], a layer with one [19] or with two in-
clusions [20] are considered. In the listed papers, the problems, boundary conditions and algorithms for the solu-
tion of which do not allow applying them to problems for a layer with cylindrical incut supports, are considered. 
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The papers [21, 22], which solve problems for a layer with one cylindrical cavity [21] and for a layer 
with a cylindrical pipe [22], are most relevant to the topic under consideration. The boundary conditions in 
these papers allow to consider the proposed model as a layer with one incut support. But additional condi-
tions are required to take into account the second support. 

Given the absence of a method for calculating problems for a layer with incut cylindrical supports in 
the presence of similar calculation schemes in practice, the chosen topic is relevant and needs to be studied.  

For a high-precision solution of the problem, the analytical-numerical generalized Fourier method 
will be used in the paper. 

Problem statement 
The elastic homogeneous layer has two cylindrical 

cavities that are located parallel to its boundaries. Cavity 
radii are Rp, where p – cavity number.  

Cavities will be considered in local cylindrical co-
ordinate systems (ρp, φp, z), layer – in the Cartesian coor-
dinate system (x, y, z). Layer boundaries are located at a 

distance y=h and y=– h
~

 (Fig. 1). 
It is necessary to find the solution of the Lamé equa-

tion, provided that at the upper boundary of the layer stresses  

 

Fig. 1. A layer with two incut cylindrical supports 
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known functions, which will be considered rapidly decreasing from the origin of the coordinates along the 
axis z and x. 

Solution method 
The basic solutions of the Lamé equation for Cartesian and cylindrical coordinate systems are cho-

sen in the form [10]: 
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where  xIm ,  xKm  – modified Bessel functions; mkmk SR ,, ,


 – inner and outer solutions of the Lamé equation 

for the cylinder, respectively;    
kk uu


,  – solutions of the Lamé equation for a layer; σ – Poisson's ratio. 

The problem solution is given in the form [18] 
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where   ;,,, zS ppmk


,   ;,,, zR ppmk


,    ,;,, zyxuk


 and    ,;,, zyxuk


 – basic solutions given by for-

mulas (2), and unknown functions  ,kH ,  ,
~

kH ,    p
mkB ,  must be found from the boundary conditions (1). 

The formulas [10] are used for transition between coordinate systems:  

– for transition from solutions mkS ,


 of cylindrical coordinate system to layer solutions  

ku


 (at y>0) 

and  
ku


 (at y<0) 
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where 22  ,  






 , , ,2,1,0 m  ; 

– for transition from the layer solutions  
ku


 and  
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 to cylindrical coordinate system solutions mkR ,
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– for transition from the solutions of the cylinder with the number p to the solutions of the cylinder 
with the number q  
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where αpq is the angle between the axis xp and segment qp ,       xKxxK m
m

m  sign
~

. 

To meet the boundary conditions on the upper and lower boundaries of the layer, we find the stress for 

the right part of vector (3). We equate the obtained vector at y=h given as  zxFh ,0


, and at y=– h
~

 given as 
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, represented by the double Fourier integral. Basic solutions   ;,,, zS ppmk


, with the help of the 

transition formulas (4), will be rewritten in the Cartesian coordinate system through basic solutions 
    ,;,, zyxuk


 at y=h and     ,;,, zyxuk


 at y=– h

~
. In this way, we get three equations for the upper 

boundary of the layer (one for each projection) and three equations for the lower boundary of the layer with 12 

unknowns  ,kH ,  ,
~

kH ,    2
,mkB ,    3

,mkB . 

From this system of equations, we find  ,kH  and  ,
~

kH  by    p
mkB , . 

To satisfy the boundary conditions on the surface of each cavity p, the right-hand part of (3) will be 
rewritten using the transition formulas (5) and (6) in the local cylindrical coordinate system of each cavity p 

through basic solutions mkmk SR ,, ,


. The resulting vector, at ρp=Rp, equals to the given as  zU pp ,0 


, repre-

sented by the double Fourier integral. As a result, for each cylinder with the number p, we will get three infinite 

systems of linear algebraic equations with respect to    p
mkB , , which contain  ,kH  and  ,

~
kH . 

In this way, we will get 12 integro-algebraic equations with 12 unknowns  ,kH ,  ,
~

kH ,    p
mkB , . 

Excluding the previously found from these equations  ,kH  and  ,
~

kH  by    p
mkB ,  and getting rid of series 

over m and integrals over λ, we will get 12 infinite linear algebraic equations of the second kind to determine the 

unknowns    p
mkB , . 

We will apply the reduction method to the obtained infinite systems of equations, as a result of which we 

will find the coefficients    p
mkB , . Now    p

mkB ,  will be substituted in the expression for  ,kH  and  ,
~

kH . 

Thus, all unknowns of expression (3) will be found. 
The numerical solutions of the infinite system presented in the paper by the reduction method 

showed its convergence, which satisfies the boundary conditions with high accuracy. 

Numerical studies of the stressed state 
There are two cylindrical cavities in the elastic isotropic layer (Fig. 1). Poisson's ratio of the layer 

(ABS plastic) is 0=0.38, modulus of elasticity is E0=1700 N/mm2. Geometric parameters of the model are: 

R2=R3=5 mm, h=12 mm, h
~

=12 mm, α12=0, α13=. We will set the distance to the cavities in two versions 
L12=L13=15 mm and L12=L13=30 mm. 

Normal stresses in the form of a unit wave        2222228 101010,


 xzzxh
y , and zero tangen-

tial stresses     0 h
yz

h
yx  are set at the upper boundary of the layer, stresses          0,,,

~~~
 zxzxzx h

yz
h
yx

h
y  

are given at the lower boundary of the layer. 
The infinite system was truncated by the parameter 

m=6 (the number of terms of the Fourier series and the order 
of the system of equations).  

The integrals were calculated using Philo's quadra-
ture formulas. The accuracy of meeting the boundary condi-
tions with the specified m and the specified geometric pa-
rameters is not less than 10-4 at values from 0 to 1. This cor-
responds to paper [16], where a detailed analysis of the con-
vergence of the equations with respect to different values of 
m for a layer with cavities was carried out. 

Fig. 2 shows the schedule of specified stresses σy and 
their corresponding stresses σx on the upper and lower sur-
faces of the layer at z=0. 

When increasing the distance between supports, 
stresses σx grow on the upper and lower surfaces of the 
layer. At L12=L13=30 mm maximum stresses σx on the upper  

 

Fig. 2. Stresses on the upper and  
lower surfaces of the layer:  

1 – given as σy;  
2 – σx on the upper boundary at L12=L13=15 mm;  
3 – σx on the upper boundary at L12=L13=30 mm;  
4 – σx on the lower boundary at L12=L13=15 mm;  
5 – σx on the lower boundary at L12=L13=30 mm 
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surface of the layer exceed the specified values (Fig. 2, line 3). Also, at L12=L13=30 mm, a significant in-
crease in stresses σx is observed on the upper and lower surfaces of the layer near the supports. 

Fig. 3 shows stresses σρ on the support surface located on the right (p=2) at z=0. 
When the distance between the supports increases, the maximum stresses σρ on the surfaces of the cylin-

ders decrease (Fig. 3), shifting to the horizontal axis in the direction of the load. 
Stresses σρ graphs on the surface of the support located on the left (p=3), are symmetrical to Fig. 3 

relative to the vertical axis (/2). 
Stresses σφ and σz graphs almost coincide with each other and have the same appearance as stresses 

σρ, only with smaller values. So stresses σφ, max=-0.08794 MPa (at φ=2.74889, L12=L13=30 mm), σφ, max=-
0.26128 MPa (at φ=2.356, L12=L13=15 mm), σz, max=-0,0886 MPa (at φ=2.74889, L12=L13=30 mm), σφ, max=-
0,26548 MPa (at φ=2.356, L12=L13=15 mm). 

Fig. 4 shows stresses τρφ on the support surface located on the right (p=2) at z=0. 
When increasing the distance between supports, stresses τρφ on the surfaces of the cylinders increase 

(Fig. 4). 
Stresses graphs τρφ on the surface of the support located on the left (p=3), are symmetrical to Fig. 4 

with respect to the vertical axis (/2) and with a different sign. 

 

Fig. 3. Stresses σρ on the cavity surface p=2 

 

Fig. 4. Stresses τρφ on the cavity surface p=2 

Conclusions 
An analytical-numerical method for solving the spatial problem of the theory of elasticity for a layer 

rigidly connected to two circular cylindrical supports cut into it is proposed. The problem is reduced to an 
infinite system of linear algebraic equations, which allows the reduction method to be applied to it. Numeri-
cal studies give reasons to claim that its solution can be found with any accuracy by the proposed method, 
which is confirmed by the high accuracy of the fulfillment of the boundary conditions.  

The presented comparative analysis shows that in the given model the stresses σx increase as the dis-
tance between the supports increases on the lower and upper surfaces of the layer, as well as stresses τρφ on 
cavity surfaces. 

The suggested solution method allows to obtain the stress-strain state for a layer with only two longi-
tudinal circular cylindrical supports. For further development of this method, the number of supports can be 
increased and cylindrical inhomogeneities between the supports can be added. 
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Аналіз напруженого стану шару з двома циліндричними врізаними опорами 

В. Ю. Мірошніков, О. Б. Савін, М. М. Гребенніков, В. Ф. Деменко 

Національний аерокосмічний університет ім. М. Є. Жуковського «Харківський авіаційний інститут», 
61070, Україна, Харків, вул. Чкалова, 17 

Досліджується напружений стан однорідного ізотропного шару при дії просторового статичного зо-
внішнього навантаження. Дві кругові циліндричні опори врізані в тіло шару паралельно його межам. Опори та 
тіло шару жорстко спряжені між собою. Просторова задача теорії пружності розв’язується за допомогою 
аналітико-чисельного узагальненого методу Фур’є. Шар розглядається в декартовій системі координат, опо-
ри – у локальних циліндричних. На верхній та нижній поверхнях шару задані напруження. Опори розглядаються 
у вигляді циліндричних порожнин у шарі із заданими на їх поверхнях нульовими переміщеннями. Задовольняючи 
граничним умовам на верхній і нижній поверхнях шару, а також на циліндричних поверхнях порожнин, отри-
мано системи нескінченних інтегро-алгебраїчних рівнянь, які в подальшому зведені до лінійних алгебраїчних. 
Нескінченна система розв’язується методом редукції. У чисельних дослідженнях проаналізовано параметри 
інтегрування коливних функцій, розв’язані задачі при різних відстанях між опорами. Одиничне навантаження 
у вигляді швидко спадаючої функції прикладено на верхній межі між опорами. Для цих випадків проведено ана-
ліз напруженого стану на поверхнях шару між опорами та на циліндричних поверхнях, що контактують з 
опорами. Чисельний аналіз показав, що при збільшенні відстані між опорами зростають напруження σx на 
нижній та верхній поверхнях шару й напруження τρφ на поверхнях порожнин. Використання аналітико-
чисельного методу дало можливість отримати результат із точністю 10-4 для значень напружень від 0 до 1 
при порядку системи рівнянь m=6. При збільшенні порядку системи точність виконання граничних умов зрос-
татиме. Представлене аналітико-чисельне розв’язання може використовуватися для високоточного визна-
чення напружено-деформованого стану представленого типу задач, а також як еталонне для задач, що базу-
ються на чисельних методах. 

Ключові слова: циліндричні порожнини в шарі, узагальнений метод Фур’є, рівняння Ламе. 
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