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The sandwich conical shell with elastic honeycomb structure, which 
is studied in this paper, is manufactured by additive technologies 
and has three layers. The honeycomb structure is made of ULTEM 
material, and the upper and lower face layers of the structures are 
made of carbon fiber. Each layer of the structures is an orthotropic 
material and satisfies Hooke's law. Thanks to the homogenization 
procedure using the finite element method, we will obtain an 
equivalent orthotropic medium instead of the honeycomb structure. 
The elastic properties of this medium satisfy Hooke's law. The 
modified high-order shear theory is used to model the deformation 
of the structures. The deformations of each layer of the structures 
are described by five variables, which include three projections of 
the displacements of the median surface and two angles of rotation 
of the normal to the median surface. To calculate the displacements 
of the layers, boundary conditions for stresses and boundary condi-
tions that describe the continuity of displacements at the layers’ 
boundaries are used. The vibrations of a three-layer sandwich shell 
are expanded into basis functions that satisfy the kinematic bound-
ary conditions. The Rayleigh-Ritz method is used to study the vibra-
tions. The vibration parameters of structures are calculated from 
the eigenvalue problem. To verify the obtained results, the natural 
frequencies are compared with the data of finite element modeling. 
As follows from the calculations, the natural frequencies obtained 
by the Rayleigh-Ritz method and the finite element method are 
close. The spectrum of natural frequencies is very dense. The mini-
mum natural frequency of vibrations is observed when the number 
of waves in the circular direction is equal to one. 

Keywords: sandwich conical shell, honeycomb structure, linear 
vibrations. 

Introduction 
Thin-walled honeycomb sandwich structures are used in aircrafts, rocket launchers, etc. They have 

high strength and rigidity at low weight. Much effort has been put into studying the mechanical properties of 
sandwich structures. Nonlinear vibrations of a composite shell of double curvature with an elastic middle 
layer and a magnetorheological layer are studied in [1]. Nonlinear vibrations of a composite double curvature 
sandwich shell with a piezoelectric layer are studied in [2]. To obtain a mathematical model, the high-order 
shear theory and the geometrically nonlinear von Kármán deformation theory are used. The nonlinear dy-
namic behavior of a sandwich shell of double curvature with an auxetic honeycomb structure with a negative 
Poisson's ratio is studied in [3], and the geometrically nonlinear vibrations of a closed cylindrical sandwich 
shell are studied in [4]. Nonlinear vibrations of a cylindrical panel on an elastic foundation under impact 
loading are studied in [5]. The upper and lower layers are made of a nanocomposite, and the sandwich panel 
is made of an auxetic honeycomb structure and the face layers are made of a nanocomposite. 

Nonlinear equations of motion of a double-curvature sandwich shell with honeycomb structures under 
transverse loading are derived using Hamilton's variational principle and the Reddy’s third-order shear defor-
mation plate theory [6]. Nonlinear vibrations of a multilayer composite shell in a hydrothermal environment are 
considered in [7]. A nonlinear finite element approach is used to analyze geometrically nonlinear vibrations of 
sandwich plates with a functionally gradient honeycomb structure [8]. Geometrically nonlinear forced vibra-
tions of a rectangular sandwich panel with a honeycomb structure are described by a system of nonlinear ordi-
nary differential equations, which are solved by the homotopy method [9]. The homogenization method is used 
to analyze geometrically nonlinear vibrations of sandwich panels in [10]. 
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In this paper, linear vibrations of a sandwich conical shell with a honeycomb structure manufactured 
using additive technologies, as well as with upper and lower layers of carbon fiber, are studied. The stressed 
state of each layer is described by five variables, which include three projections of displacements of the me-
dian surfaces of each layer and two angles of rotation of the normal to the median surfaces of each layer. To 
obtain the equations of vibration of structures, the theory of high-order shear and the condition of continuity 
of displacements between layers are used. Using the Rayleigh-Ritz method, the analysis of linear vibrations 
is reduced to an eigenvalue problem, from which the parameters of linear vibrations of multilayer structures 
are obtained. The properties of linear vibrations are studied. 

Problem formulation and basic equations  
The three-layer sandwich conical shell is shown in 

Fig. 1. The middle layer of this shell is a honeycomb struc-
ture, which is manufactured using additive technology from 
ULTEM 9085 material. The upper and lower layers are made 
of carbon fiber. The material of all three layers is orthotropic 
and satisfies Hooke's law. 

Three curvilinear coordinate systems are used to de-
scribe the deformation of each layer: (st, θ, zt), (sc, θ, zc), 
(sb, θ, zb), where θ is the circular coordinate; zt, zc, zb are 
transverse coordinates; st, sc, sb are longitudinal coordinates. 

  
a   b 

Fig. 1. Sandwich conical shell (a)  
and honeycomb structure cell (b) 

By applying the homogenization procedure [11], we obtain an equivalent orthotropic medium in-
stead of the honeycomb structure. Hooke's law for this medium has the following form: 
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where σss
(c), σθθ

(c), σzz
(c), σθz

(c), σsz
(c), σsθ

(c), εss
(c), εθθ

(c), εzz
(c), εθz

(c), εsz
(c), εsθ

(c) are elements of stress and strain ten-
sors. The upper and lower face layers are made of carbon fiber composite. Hooke's law in this case takes the 
following form: 
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where u(i), v(i), w(i)  are projections of displacements of points of the median surface of layers; φ1
(i), φ2

(i) are 
angles of rotation of the normal to the median surface; ψ1

(i), ψ2
(i) are unknown functions that are being calcu-

lated. Projections of the displacements of the homogenized layer u1
(c), u2

(c), u3
(c) have the form 
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where u(c), v(c), w(c) are projections of displacements of the median surface of the homogenized layer; 
φ1

(c), φ2
(c) are angles of rotation of the normal to the median surface; ψ1

(c), ψ2
(c), γ1

(c), γ2
(c), w1

(c), w2
(c) are un-

known functions that are being calculated.  
Boundary conditions for the stresses of the upper and lower layers are used in the form 

 0
5.05.0


 tttt hzzhzsz ;   0

5.05.0


 bbbb hzzhzsz ,  (4) 

where ht, hb are thicknesses of the lower and upper layers. The continuity of displacements at the layer 
boundaries is described by the following boundary conditions:  

)5.0()5.0( cccttt hzuhzu  ;   )5.0()5.0( cccttt hzvhzv  ; 

)5.0()5.0( cccttt hzwhzw  ;   )5.0()5.0( cccbbb hzuhzu  ;  

 )5.0()5.0( cccbbb hzvhzv  ;   )5.0()5.0( cccbbb hzwhzw  ,  (5) 

where hc is the thickness of the homogenized layer. 
The parameters of the expansions (2, 3) are found from the boundary conditions (4, 5) as follows: 
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The deformations and displacements satisfy the following equations [12]: 
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i=t, c, b;   α1≡si;   α2≡θ. 
Equations (2, 3) are introduced into (6). As a result, the following asymptotic expansions for the 

components of the strain tensor are obtained: 
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where the values of the components of the expansions are not given for brevity 
The potential energy of the upper and lower layers has the following form: 
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where iV  is the volume of the layer i; Ai is the plane of the median surface of the layer. 
The potential energy of the homogenized layer has the following form: 
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The kinetic energy of the shell layers can be given as 
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Linear vibrations analysis 
The Rayleigh-Ritz method is used to analyze linear vibrations of a thin-walled structure. In this case, 

the force boundary conditions of the structures are not taken into account. However, the kinematic boundary 
conditions are necessarily taken into account. A conical shell clamped at both ends has the following bound-
ary conditions: 
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The vibrations of thin-walled structure have the following form: 
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where n is the number of circular waves. Functions Ui(ξ), Vi(ξ), Wi(ξ), Xi(ξ), Yi(ξ) (11) satisfy the boundary 
conditions (10). They have the following form: 
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where )()(  U
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m , )()(  W
m , )()(  X

m , )()(  Y
m  are basic functions; Um

(i), Vm
(i), Wm

(i), Xm
(i), Ym

(i) are 
unknown parameters to be calculated.  

Potential energy of a sandwich shell UΣ has the following form 

bct UUUU  .  

The kinetic energy of thin-walled structure can be given as 

bct TTTT  .  

To study linear vibrations, we will use Hamilton's principle 
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Equations (11, 12) are used in energies (7–9) and double integrals are calculated. As a result, we obtain 
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of the vector A. Equations (14) are used in (13). Taking this into account, we obtain 
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Condition (15) is transformed into a system of N* algebraic equations 
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)(
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A j

; j=1, …, N*.  (16) 

Equations (16)are transformed into an eigenvalue problem, from which the eigenfrequencies and vibra-
tion modes are found. 

Results of numerical simulations 

The shell is clamped at both edges 
In this section, we consider a shell clamped at both 

edges. The boundary conditions have the form (10). Then the 
basis functions of the expansions (12) are as follows: 
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The honeycomb structure is manufactured using FDM 
additive manufacturing technology from ULTEM 9085 mate-
rial. The mechanical characteristics of this material were deter-
mined experimentally. The honeycomb structure (Fig. 1, b) is 
replaced by a homogenized orthotropic continuous medium. 
The finite element method is used to calculate the mechanical 
properties [11]. 

The geometric parameters of the honeycomb structure 
cells are as: 

l1=6.1054 mm; l2=3.0527 mm; θ=60°; lc=10 mm; ch =0.4 mm, 

where ch  is the cell wall thickness; lc is the height of the hon-
eycomb structure. The honeycomb structure satisfies Hooke's 
law (1). Engineering steels of homogenized orthotropic con-
tinuous medium have the following numerical values:  

E11=2.91 MPa; E22=2.91 MPa; E33=215.1 MPa;  
ν12=0.972; ν23=0.0051; ν13=0.0042; ρс=253.189 kg/m3;   (17) 

G12=1.118 MPa; G23=39.1 MPa; G13=39.1 MPa.  
The upper and lower face layers are made of carbon fiber. 

Their elastic properties satisfy Hooke's law. Engineering steels of 
this material are as follows: 

Ex=160×109 Pa; Ey=6.8×109 Pa; νxy=0,32; νyx=0.0136;  
Gxy=800×109 Pa; Gxz=Gyz=4×109 Pa; ρt=ρb=1400 kg/m3.      (18) 

The geometric parameters of the structures have the fol-
lowing values: φ=π/12; sc

(1)=2.354 m; st
(1)=2.33 m; 

sb
(1)=2.313 m; ht=hb=10-3 m; hc=10-2 m. 

The results of the calculations of the first ten natural fre-
quencies of structures vibrations are given in Table 1. The number 
of circular waves n is given in the first column of the table, the size 
of the eigenvalue problem is given in the second column of the 
table. The natural frequencies obtained by the Rayleigh-Ritz 
method are given in the third column. The natural frequencies cal-
culated by the finite element method in ANSYS are given in the 
fourth column. The relative difference of the natural frequencies δ 
obtained by different methods is given in the fifth column. To ana-
lyze the convergence of the natural frequencies of vibrations of the 
structure, the eigenvalue problem was calculated with different 
dimensions. As follows from the calculations, the natural 

Table 1. Natural frequencies of a clamped shell 

n N* ω, Hz ωFEM, Hz δ 
180 412.84 – – 
210 412.25 – – 1 
270 411.83 421.98 0.0240 
180 431.29 – – 
210 430.61 – – 2 
240 430.1 438.45 0.019 
180 449.92 – – 
210 449.14 – – 3 
240 448.56 455.76 0.0150 
210 451.6 – – 
240 450.80 – – 8 
270 450.22 460.61 0.0220 
210 452.73 – – 
240 451.96 – – 77 
270 451.41 462.27 0.0230 
210 458.77 – – 
240 458.06 – – 6 
270 457.54 467.82 0.0220 
210 459.88 – – 
240 459.05 – – 9 
270 458.46 466.99 0.0180 
180 461.70 – – 
210 460.85 – – 4 
240 460.24 467.50 0.0150 
180 464.27 – – 
210 463.35 – – 5 
240 462.71 471.14 0.0180 
210 479.25 – – 

10 
240 478.42 482.81 0.0091 

 

Fig. 2. Dependence of the first frequency ω1  
on the number of waves n 
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frequencies obtained by different methods are close. The spectrum of the natural frequencies is very dense. The 
first ten natural frequencies are observed in the range ]42.478;83.411[  Hz. The dependence of the first natu-
ral frequency on the number of circular waves is shown by the solid curve in Fig. 2. The results of the finite ele-
ment analysis are shown by the dashed line in Fig. 2. The minimum natural frequency of vibrations is observed at 
n=1. The minimum natural frequency of isotropic conical shells is observed at much higher values of n [12]. 
 

Cantilever shell 
The results of numerical simulation of a cantilever conical shell are given in this paragraph. The 

shell edge with a larger radius is clamped, and the edge with a smaller radius is free. To satisfy the boundary 
conditions, the basis functions of the expansions (12) have the following form: 
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The mechanical characteristics of the upper and lower layers have the values (18), and the mechani-
cal characteristics of the honeycomb structure have the form (17). 

The natural frequencies of the cantilever shell are given in 
Table 2, and its columns have the same physical meaning as in Ta-
ble 1. As follows from Table 2, the natural frequencies obtained by 
the Rayleigh-Ritz method and the finite element method coincide. 
The dependence of the first natural frequency on n is shown by a 
solid line in Fig. 2. The results of finite element modeling are given 
by a dashed line. The minimum vibration frequency is observed at 
n=6. The minimum frequency of the conical shell clamped on both 
sides is observed at n=1. 

The linear vibrations of the cantilever sandwich shell are 
qualitatively different from the conical sandwich shell clamped on 
both ends, which follows from the results of the calculations given 
in Fig. 2. 

Table 2. Natural frequencies of vibrations  
of the cantilever shell 

n N* ω, Hz ωFEM, Hz δ 
1 210 409.46 417.15 0.018 
2 210 409.58 409.90 7.8×10-4  
3 210 365.95 353.16 0.036 
4 210 307.81 292.54 0.050 
5 210 271.49 265.06 0.020 
6 210 262.10 264.29 0.006 
7 210 274.41 280.20 0.020 
8 210 302.77 307.97 0.016 
9 210 342.96 345.00 0.006 
10 210 391.95 389.58 0.006  

Conclusions 
The natural vibrations of a sandwich conical shell with a honeycomb structure manufactured by ad-

ditive manufacturing technology FDM and various boundary conditions are considered. The stressed state of 
each layer is described by three displacements of the median surface of this layer and two angles of rotation 
of the normal to the median surface of the layer. The high-order shear theory is used to model the stressed 
state, and the Rayleigh-Ritz method is used to obtain the eigenvalue problem describing the natural vibra-
tions of the structure. The vibrations of a three-layer sandwich shell are expanded into basis functions that 
satisfy the kinematic boundary conditions. 

The element part of the mass matrix is close to zero due to the small thickness of the face layers and 
the small weight of the honeycomb structure, which allows reducing the dimensionality of the eigenvalue 
problem from which the vibration frequencies are calculated. 

Linear vibrations of a truncated sandwich conical shell clamped on both sides and a cantilever shell 
are studied numerically. The minimum natural frequency of a sandwich conical shell clamped on both ends 
is observed when the number of waves in the circular direction is equal to one. The minimum natural fre-
quency of a cantilever sandwich conical shell is observed when the number of waves in the circular direction 
is equal to six. 

The results of semi-analytical calculations coincide with the results of finite element modeling in the 
ANSYS environment. 
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Аналіз лінійних коливань композитної сандвіч-конічної оболонки,  
виготовленої адитивними технологіями  

1 К. В. Аврамов, 1 Б. В. Успенський, 2 Б. Г. Любарський, 2 О. А. Смецьких 

1 Інститут енергетичних машин і систем ім. А. М. Підгорного НАН України, 
61046, Україна, м. Харків, вул. Комунальників, 2/10 

2 Національний технічний університет «Харківський політехнічний інститут», 
61002, Україна, м. Харків, вул. Кирпичова, 2 

Сандвіч-конічна оболонка з пружним стільниковим заповнювачем, що досліджується в цій роботі, виго-
товляється адитивними технологіями та має три шари. Стільниковий заповнювач виробляється із матеріалу 
ULTEM, а горішні й долішні лицеві шари конструкцій – із вуглепластику. Кожен шар конструкцій є ортотропним 
матеріалом і задовольняє закону Гука. Завдяки процедурі гомогенізації, яка використовує метод скінчених елеме-
нтів, замість стільникового заповнювача отримаємо еквівалентне ортотропне середовище. Пружні властивос-
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ті цього середовища задовольняють закону Гука. Модифікована теорія зсуву високого порядку застосовується 
для моделювання деформування конструкцій. Деформування кожного шару конструкцій описуються п’ятьма 
змінними, до яких відносять три проєкції переміщень серединної поверхні і два кута повороту нормалі до сере-
динної поверхні. Для розрахунку переміщень шарів використовуються граничні умови для напружень і граничні 
умови, які описують неперервність переміщень на межах шарів. Коливання тришарової сандвіч-оболонки розкла-
даються по базисних функціях, які задовольняють кінематичним граничним умовам. Для дослідження коливань 
використовується метод Релєя-Рітца. Параметри коливань конструкцій розраховуються із проблеми власних 
значень. Для верифікацій отриманих результатів власні частоти порівнюються з даними скінчено елементного 
моделювання. Як випливає із розрахунків, власні частоти, отримані методом Релєя-Рітца й методом скінченних 
елементів, близькі. Спектр власних частот дуже щільний. Мінімальна власна частота коливань спостерігається 
при числі хвиль у коловому напрямку рівнім одиниці. 

Ключові слова: сандвіч-конічна оболонка, стільниковий заповнювач, лінійні коливання. 
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