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Linear vibrations of thin-walled structure, which consists
of nanotube-reinforced conical shell and ring stiffeners,
are analyzed. Ring is attached at the end of truncated
conical shell. Such shell structure describes adapter of
rocket. Dynamic of such structure is actual problem of
aerospace engineering. Material of this shell is nano-
composite, and ring is manufactured from isotropic ma-
terial. Higher order shear deformation theory for the
shell and Euler-Bernoulli theory for ring stiffeners are
applied. The Rayleigh-Ritz method is used to derive the
equations of the structure vibrations. The potential ener-
gy of the thin-walled structure is used. This potential en-
ergy consists of potential energy of the conical shell and
potential energy of the ring. It is assumed that the ring
vibrates in two perpendicular planes, performs vibrations
in circumference directions, and torsional vibrations
occur. The least action variational principle is used. As a
result, the generalized eigenvalue problem is derived.
The data of eigenfrequencies calculations is verified by
finite element calculations in ANSYS sofiware.

Keywords:  functionally graded carbon nanotube-
reinforced composite, truncated conical shell, parameters
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Nanotubes have much higher mechanical properties than steel and carbon fiber [1]. For example, the
elastic modulus of nanotube is 100 times greater than one of steel. Therefore, the nanotubes are used to rein-
force the composite. The obtained nanocomposite is light and strong. Therefore, these nanocomposites are used
in aeronautic engineering.

Numerical analysis of mechanical properties of nanocomposites is very important for structures de-
sign. Liu and Chen [2] apply finite element technique to calculate reinforced nanotube composite mechanical
characteristics. Odegard with coauthors [3] propose atomic model of nanocomposite.

Several efforts were made to experimentally analyze nanocomposite properties. Allaoui and coau-
thors [4] analyze nanocomposite tension. Ci and Bai [5] experimentally study influence of nanotubes distri-
butions on nanocomposite characteristics. As follows from the experimental data [6], the nanocomposite ul-
timate strength is increased if number of nanotubes is increased. Nejati with coauthors [7] use rule of mixture
to predict nanocomposite properties, which are obtained experimentally.

Linear nanocomposite shell mathematical models are derived to analyze static and dynamic struc-
tures response in [8, 9]. Nanocomposite plate vibrations are considered in several papers [10—12]. Impact
dynamics of nanocomposite cylindrical shell is analyzed in [13].

Free linear vibrations of the conical shell with ring reinforcement are studied numerically in this pa-
per. Nanotube reinforced functionally graded composite is used for shell. Euler-Bernoulli model is imple-
mented for isotropic ring modeling. Rayleigh-Ritz method is used to study thin-walled structure vibrations.
The obtained eigenfrequencies are compared with ones that are calculated in ANSY'S software.

Model of thin-walled structure

Nanotube reinforced conical shell with ring from isotropic material is studied. The conical shell is ana-
lyzed in coordinate system (x, ¢, z), which is shown on Fig. 1, a. The sketch of the ring is presented on Fig. 1, b
and the whole structure is shown on Fig. 1, ¢. The ring coordinate system is related to the cross section of the
ring (x1, z1).
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Fig. 1. Outline of joined structure

Nanotubes are aligned along x axis. Principal sketches
of nanotubes reinforcements of shell are shown on Fig. 2. This
figure shows five types of nanotube distributions in thickness

Table 1. The dependences of nanotube
distributions in the thickness directions

direction z, namely: UD, FG-V, FG-A, FG-X, FG-O. The dis- Reinforcements Nanotube d1str1b:1t10ns
tribution functions of nanotubes in the thickness direction UD-CNT Venr (2) =Venr
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Fig. 2. Nanotube reinforcements of conical shell

The rule of mixture is used to obtain the mechanical characteristics of the material
CNT
n,Ey E”

E\(2) =Venr DE +V,(2)E™; Ey(2)= ;
1 1Venr 11 2 ( Vour ()E" +V (2)EQT

GEV G
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where indexes 1, 2, 3 are identical to x, o, z; ElclNT , EZCZNT , GSNT are elastic and shear modules; 01, 12, 13 are

nanotube/matrix efficiency parameters; E”, G" are elastic and shear modulus of the matrix; p“*", p™ are den-
sities of the nanotubes and the matrix. The Hooke’s law of the considered composite is

Sn 01(2) 0On(2)
G

€11

:|[ } 613 =G3(2)1135 01 =G(2)712,

On(2) 05(2)
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where Q),(z) =
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The stressed state of the conical thin-walled structure is analyzed. The middle surface circle has the
radius r =xsino. The curvature radius of the middle surface is R, =xtgo . The shear and rotatory inertia
are considered. The shear deformation theory [14] is applied. The displacement projections of the structure

on the generating line and on the circumferential axes are denoted by us., u,. The displacement projections to
the thickness direction are u.. The structure displacements are the following

u, =u(x,(p,t)+2\|lx(x,(p,t)+229x +z3yx; U, =[l+RiJV(X,(PJ)+ZW¢(X,(PJ)+229¢ +Z3Y(p; u, =wx,¢,1) (1)
¢
where u, v, w are displacement projections of the middle surface; ., y, are rotation angles. The parameters

Ox, Yx, 0y, Yo are derived from the boundary conditions: t,, = 0; 4 is shell thickness;

z=+05h T(PZ z=40.5

ou u
t =G L Be )y o _ G| ey L O e ),
0z  Ox 0z 1+zR, \r0¢ R,

Y __i(aw J 0 L v, | Ves ¥ ——8R5+h2\v —(8R('2)_h2)a—w— i
o ) © " 6Rip* T 6rh®R. 09 3R

0.=0;

Ox

= _t 0
2R,r 0p 2R,
The elements of the strains tensor meet the following equations [15]

£ =6 + 2k + 2D+ 22k D); 5, =g+ 2 (6 + 2k +22%D); @)

— (0) () 27(2)). — (0) M 27.(2)). — (0) (O] 27.(2)
YX(p _YXQ,O +Z(k)r(p +katp +z kxcp )’ YXZ - YXZ,O +Z(kxz +kaz +z kxz )’ Y¢z - Y¢z,0 +Z(k(pz +Zk(pz +z k(pz )

The summands of the expansion (2) are obtained by Maple software. Therefore, the expressions for
the summands of the expansion (2) are not given in this paper.
The strain energy of the conical shell is the following

11=05[[[100(2)E% + 201 (2ot + 0202y + Gos (21 + Gy ()T + Gos (72, ){1 +R—} dzdxdg, (3)
V

¢
where V is shell volume. The equations (2) are used in (3). The strains energy is the following

H=0.5”rdxd(pzs:hj,
A Jj=0

where A4 is middle surface of conical shell;
- ~ . pY
hy =B ; h; =Pj(” + L =1, 5
R,
D) _ N2 ) () a2 (/)4,2 (1),,2 (Na2 .
R =01 0+2015€, 0800 + 02 €00 T 023 Voz0 T 013 Vizo T G21 Vo0 5

X

pU) _ () (0) (@2) (0) (0) @) (0) () ).
1)1 V= 2Q11J Sx,ka + 2Q12] (Sx,Ok(p + S(p,ka )+ 2Q2é 8(p,Ok(p + ZGZ{ YX(p,OkX(p H

D) _ HN7(02 (/) () 0)7.(0) (/) (7.(0)2 O] () M (), ) (/) M 0)2}).
})2] - 1{ kx +2 15 (Sx,Ok(p +k(p kx )+Q2£ (k(p +28(p,0k(p )+3GZé ’Yqyz,Ok(pz +2(;1§ YXZ,kaz +G2]1 (Zym,kam +kx¢p )’

B =200k % o + 209 (e, kO + KOk + kg, o)+ 200 ((OkD + £, kO )+ 26y k2 +EOKD);

X ) , x9,0™ xp
B =20 PkPKO + 20D (kK + k2K )+ O (KO + 262K )+ 26K + G (kD2 + 24Ok 2 )+ GO,
PV =200kPk? + 20k Pk + 2GRk

The kinetic energy takes the form

T:O.Swp(z)(ui il +u22)[1+Ri(Pszrdxd(p, &)
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where 1, = au: . The expansion (1) is used in the kinetic energy (4). Then the kinetic energy is the following
5
T-= O.SHrdxd(erij ,
A J=0

where

0.5h

r, = jzfp(z)dz; J=0, 1, .. Py =1 97 0
~0.5h

) PR U SO
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Py =\l 2 —— 0+ 200, +—| 20+ ——+ 20, |
2 \VX R; \V(p R(P \V(p [0) R(P [ \Vx R(P \V(p}

S 1 T e ¥
Py=2uy, +—v0,+2vy,+2y 0, +—£\|/X t— VW, +—W, +2v9(pJ;
R(P R<P R<P R<P

Coa 2 .. o L{,.. 2 . . .
P =2y v + Gi +R_W(p +2W,Y, +R—£2uyx JrR—vG(p +2vy, +2\|/(p9(pj ;

® ® (0

- L. . 2 .. oo
P=20,y,+— 2\|/xyx+9$+—vy(p+2\|/(py(p .
R, R,

The lower edge of thin-walled structure is clamped

=0,

Y
x=L,

x=L, v|x:L2 - W|x:L2 =V, x=L, \V(P

where L, is cone generating line length.

The ring is attached to the upper edge of the structure x=L;. This ring is very important for the launch
vehicles adapters. The explosive bolts are attached to adapters in order to separate the launch vehicle. But it
is very important to reduce the amplitudes of the adapters vibrations to preserve the electronic equipment in
operable conditions. Therefore, the considered problem is very important for aeronautic engineering.

The deformations of the ring are modeled by Euler-Bernoulli theory [16]. The ring bending is de-
scribed by two displacements — u(¢,#) and w(p,t) — in two perpendicular planes. The ring compres-

sion/tension is modeled by v(o,). Moreover, the ring performs torsional vibrations y(@,?) . Displacements
of arbitrary points of beam U, Us, Us satisfy the equations:

Uy =u(@,0)—z9(9,0) 5 Uy =v(9,0) + Xy, (9,0) =2y, (9,0) 5 Uy =w(, 1) + x,y (¢, 1)
where yi(o, ), y2(o, #) are rotation angles of the ring cross section. The ring cross sections coordinates xi, z;
are shown on Fig. 1, b. The hoop strains take the form [16]

Scpcp = S(p —XAx t 2%,
where ¥, and y, are curvature variation. The values &, ¥, ¥ are calculated as [16]
Lov, w 1 0% w 1 o 1 ov

— [ +__’
R’ 89> R’ 09

€, =——+— Y, =
® R 0o R x R’ 69> R

> r

where R, is ring radius. The shear strains of the ring v = y/x7 + ¥ x(@,);

Loy v
R . 6p R

r r

X((P’t) ==
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The ring strain energy is

2n
M, =05 [(E4e + BT o2 + EJ 2 + GJ* R, do.
0

where E, G are elastic and shear modulus; J = J-J. xidxdz, ; J, = ”zlzdxldzl ; J = J-J. (x} + z0)dx,dz, .
4 4 4

The matching conditions of joining of conical shell and ring take the form

U, = u|x=Ll smoc+w|x=Ll cosa ; U, =u|x=Ll cosoc—w|x=Ll sina ,

U, =],

=L’

; 173 =U 3|x1 —osb,* The equality of rotating angles of ring and shell are [17]

z,=0;x,=0.5b, ?

where U, =U1|Z e U,=U,

V==Y, (L,0); y,=-y,(L)cosa; vy, =—y,(L)sino.
The ring displacements and the shell generalized displacements satisfy the equations
v((p’t) = V(Lla(p’t) + O-Sbl\V(p(Lu(P,t) SinO{, N
W("Pa t) = u(Ll ) (Pa t) Sil’l o+ W(Ll ) (P7 t) cosa + OSbI\Vx (Ll ) (pa t) a (5)
u(o,t)=u(L;,p)cosa—w(L,,p)sina.

The parameters &, Xz, %~ X can be calculated as

L oy, (L, .
€y = RL{—av(al’(P) +0.5b, sinaM+ w(L,,p)cosa+0.5by (L,,9)+u(L,,p)sin oc} ;
r ()
2 2
‘. :Lz oully,9) 9 W(Lzl,cp)sina PACTN
R; op2 op R,
oy (L, 2 2 2
RO 00 o o o o
1 oy, .(L,,p) sina
=— - L,9).
X R o R Vo(L,9)

The ring kinetic energy has the form
2n 2 2 2
oU ou ou
T,=05|R.d L+ =2 4| = |dx dz,
1 .([r(PJ;J.Pr[(atj (ﬁtj (atJ:|ll
where p, is ring material density. The kinetic energy of the ring is the following

21 [/ AN\2 N2 2 2

T, =0.5p, 4 j (a—”j +(6—VJ +(@j +i(a—“’j R do. (6)
o |\ ot ot ot A\ ot

The ring kinetic energy is derived with respect to the conical shell displacements. The equations (5)
are substituted into the kinetic energy (6)

21 2 2
T, = O.SpVAJ.R, d (6”(11’0 cosoL— Ol ¢.1) sinoc} +(8u(L1,(p, ) sino+ ML, @.1) cosa.+0.5h, WACELL) t)} +
d ot ot ot ot ot

2 2

L,op,t

+ 6V(L17(P9t)+0‘5b1 a\Vq)( l(p )sin(x +i a\llx(Lla(p’t) .
ot ot A ot

The kinetic and potential energies of the whole structure T, I1x are
T, =T+T1,; IIy=II+II,.
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Linear vibrations of structure

The Rayleigh-Ritz method [18] is applied to analyze the linear vibrations of the structure. The linear
vibrations of the truncated conical shell take the form

u | [U,(x)cos(ng)]|
v V., (x)sin(ng)
w | =| W, (x)cos(ng) |cos(wt),

V.| | X, (x)cos(ng)

v, | | Y, (singno) |

where o is the frequency of the structural vibrations; # is number of circumferential waves. The functions
Un(x), Va(x), Wi(x), Xu(x), Ya(x) are presented in the following form

N, N, N3
U,(x)= zAiSi(x) s V(o= ZANI W9 (x) 5 W (x)= ZAN1+NZ+i8i(x) ;
i=1 i=1

i=1
N, N;
X,(x)= ZAN1+N2+N3+i8i(x) s Y (x)= ZAN1+N2+N3+N4+1'81' (x), (7
i=1 i=1
where N«==N+N>+N3+Ns+Ns;, A=[A, ..., Ax+] are unknown parameters, which are obtained from the Ray-
leigh—Ritz method. The trial functions 9i(x) take the form 9,(x)= sin[(ZI_l)n(Lz —L=x)

2(L, - 1Ly)
sions (7) are substituted into the kinetic and the potential energies.

} . The expan-

T, = o’ sin* (o) ZN"Z ;T =cos*(ot) ﬁz .
The least action principle is used as

2n/®

8 j(T2 ~T1,)dt=0.
0
The following equation is true

21/ ®

TC ~ ~
(T, ~T1,)dt = S[HZ(Al,...,AN*)—(DZTZ(AI,...,AN*) .
0
The functional stationary value satisfies the equations
a ~ 24
— N[y —0°T; )=0; i=1...N=
o (M -o'T)
These equations are transformed into the generalized eigenvalue problem
[C-w’M]4=0,
where C , M are stiffness and mass matrixes.

Numerical analysis of vibrations

Parameters of linear vibrations of the cantilever thin-walled structure are analyzed. Mechanical
properties of the nanotubes and the matrix are the following:

mi=0.141; n,=1.585; n3=1.109; E "' =2.247x10"! Pa; ES" =5.5027x10° Pa; G"" =1.436x10° Pa;
CNT

uo"=0.2938; us"

21

=0.007194; p“* =1400 kg/m*; p"=1150 kg/m’; n” =0.34; E"=2.5 GPa.
The conical shell geometrical parameters are the following:

L,=0.225 m; L,=0.5 m; h=5x10" m.
The ring is produced from aluminum alloy 518.0 with density p,=2640 kg/m3; Young’s modulus

E=0.71x10'"" Pa; Poisson’s ratio u=0.33; shear module G=2.7x10'° Pa. The ring cross section parameters are
the following: height #/=10x10~° m and width b=5x10 m.

ISSN 2709-2984. Ipobremu mawunodyoyeanns. 2026. T. 29. Ne 1 11
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The eigenfrequencies and eigenmodes of the vibrations are calculated by the Rayleigh-Ritz method.
Uniform nanotube reinforcements are applied for conical shell with ¥, =0.28. The expansion (7) contains the

numbers of terms: Ni=N,=Ns=Ns=Ns=N. The obtained eigenfrequencies are shown in Table 2. The first twenty-
seven eigenfrequencies are given in this table. The first and the second columns of the Table show the eigen-
frequencies numbers and the numbers of terms of (25). The third column shows the numbers of circumferential
waves n. The fourth column shows the Rayleigh-Ritz eigenfrequencies ®; in Hz. The fifth column shows the
eigenfrequencies o, calculated by commercial ANSYS software. The sixth column presents the eigenfrequen-
cies relative differences 9.

As the structure vibrations contain two conjugate modes, all eigenfrequencies shown in Table 2 are
multiple. Fig. 5 shows the first three eigenmodes, which are obtained by the commercial ANSYS software.

Table 2. Eigenfrequencies of thin-walled structure E;;“Lg”:%mm
ANSYS —

N |N|n w;, Hz ®,, Hz ) | égggg

1 [7] 2] 669.75 670.74 0.001 e

2 1713 ] 71930 690.92 0.040 E

31714 81340 764.83 0.060

4 7] 5] 89285 851.41 0.040

517 1] 90021 907.69 0.008

6 | 7] 6| 988.13 966.06 0.020 a
717171 111321 1113.40 1.7x10* ——

8 | 7| 8 | 127038 1290.70 0.015 e

9 | 7] 2| 1456.07 1464.10 0.005 e

107 ]9 ] 145592 1493.50 0.025 e

1117 ]3] 1514.83 1522.70 0.005 Boes

127 ]10] 1665.04 1717.00 0.030 =

137 ] 4] 1746.16 1724.10 0.010

14711 ] 1703.22 1736.10 0.019

1507 ] 5] 1920.74 1874.40 0.020

167 [ 11 ] 1893.43 1958.10 0.030

1717 ] 6 | 2037.56 1995.10 0.020 ,

181717 | 215115 | 2126.80 0.010 .

197 ]12] 21378 2214.60 0.030

20 7| 8 | 2286.92 2286.00 4x10 LF

217 9 | 2455.23 2480.90 0.010 y ==

22 7] 2| 248321 | 2481.60 | 6.48x10* 1=

23 [ 7 [13] 2396.87 2486.30 0.035

24 7] 3 ] 2531.27 2521.70 0.0037

2571 | 2606.84 2635.10 0.010

26 7 110] 2659.80 2712.20 0.019

2717 ]14] 2669.31 2772.00 0.037 c

Fig. 5. Eigenmodes corresponding to the eigenfrequencies:
a—670.74 Hz; b — 690.92 Hz; ¢ — 764.83 Hz

Conclusions

The dynamic stressed state of the composite conical shell with nanotube reinforcements is analyzed.
Mathematical linear model of this structural vibration is developed using higher order shear theory. In order
to obtain the correct mathematical model, the strains are presented up to cubic summands with respect to the
lateral coordinate. The potential and kinetic energies are presented up to five order summands with respect to
the shell lateral coordinate. The deformation behavior of the isotropic ring is considered in mathematical
model of the thin-walled structure. This deformation behavior is described by the Euler-Bernoulli theory.
Using the matching of the rotation angles and displacements, all unknowns are transformed to the shell gen-
eralized displacements. Thus, the linear mathematical model of thin-walled structural vibrations is derived.
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The eigenfrequencies and eigenmodes are analyzed by using the Rayleigh-Ritz method. The results
are validated by using the commercial ANSYS software. As follows from the results of numerical analysis,
the eigenfrequencies spectrum is very dense.
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DYNAMICS AND STRENGTH OF MACHINES

Jliniiini KOJIUBaHHS KOMIIO3UTHOI KOHIYHOT 00010HKH, apMOBaHOI HAHOTPYOKaMM,
3 KUJIBIIEBUM €JIEMEHTOM KOPCTKOCTI

K. B. ABpamos, ' B. B. Ycnencobkuii, 2 B. T'. JIooapebkuii, 2 0. A. Cmenbkux, ! 1. B. Bioaik

'THeTUTYyT eHepreTHUHUX MatuH i cucteM iM. A. M. ITiaropaoro HAH Ykpaiuu,
61046, Ykpaina, M. XapkiB, Bys1. KomynaneHukis, 2/10

2 HanioHa bHMI TeXHIYHMI yHIBEPCHTET «XapKiBCHKHI NOMITEXHIYHMI iHCTUTYTY,
61002, Ykpaina, M. XapkiB, Bys1. Kuprnndosa, 2

Jlocnioocyromucs NiHIHE KOTUBAHHS MOHKOCMIHHOI KOHCMPYKYIL, W0 CKAa0aemuvcsi 3 KOHIYHOL 000N0HKU, apMO-
8aHOI HAHOMPYOKAMU, T KibYsl, WO ROCUTIOE KOHCMPYKYTIO. APMYBAHHSA HAHOMPYOKAMU NPOBOOUMBCS MAK, WO Mamepia
KOHIYHOT 0007I0HKU € hyHKYyioHANbHO-epadicumuum. Kinvye kpinumocs na kinyi ycivenoi koniunoi obononku. Taxka KoHc-
MPYKYisi € MOOELIIO adanmepa pakemoHnocis. /[0600umvcst, wjo 0 pakemoOyOy8anHs AKMyaibHUM 3A80AHHIM GUCTIYNAE
ounamixa oanoi koncmpykyii. Mamepian 06010HKU € HAHOKOMIO3UMOM, A Kilblye BUSOMOBIEHO 3 I30MPONHO20 Mamepia-
ay. sk MOOemo8anHs Hanpyi#ceHo20 cmany 000JOHKU GUKOPUCIIOBYEMbCS MEOPIs 3CYBY BUCOKO20 NOPAOKY ma Meopis
Eiinep-beprnyni ons mooemosanns kinoys. Ilepedbauacmocs, wo Kinvye 30MICHIOE 32UHATIbHI KOUBAHHSA ) 080X NIOUJUHAX,
OKPYIICHI nepemiujerts i KpymuibHi Konueanus. /st 6ueedeH s pieHsiHb KOIUBAHL KOHCMPYKYIT 3ACMOCO8YEMbC MEMOO
Penes-Pimya. Ilicis ybo2o 8uKopucmogyemscs nomeHyiina enepeis moHKOCMiHHOI KOHCMPYKYil, AKa CKIA0aemuvcs 3 no-
MeHYIHOT eHepeil KOHIUHOI 000NOHKU | nomeHYIliHOT enepeil Kinbys. 3ae0axu eapiayitinomy nputyuny Ocmpospaocbkoeo-
Taminemona npuxooumo 0o yzazanvHeHoi npobiemu 81acHux 3Havenv. Pesyrbmamu po3paxymky 61acHux yacmom eepu-
Qirytomvcs KiHYeso-eneMeHmHUMU pO3PaxyHKamu y npoepamuomy komniexci ANSYS.

Knrouosi cnosa: QynkyioHanbHo-epadieHmHull KOMNO3UM, ApMOBAHULL 8y2leyesuMU HAHOMPYOKamu, YCiueHa
KOHIUHA 000NOHKA, NApamempu JTIHIUHUX KOJIUGAHD.
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