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LINEAR VIBRATIONS OF NANOTUBE-
REINFORCED COMPOSITE CONICAL 
SHELL WITH RING STIFFENER  

Linear vibrations of thin-walled structure, which consists 
of nanotube-reinforced conical shell and ring stiffeners, 
are analyzed. Ring is attached at the end of truncated 
conical shell. Such shell structure describes adapter of 
rocket. Dynamic of such structure is actual problem of 
aerospace engineering. Material of this shell is nano-
composite, and ring is manufactured from isotropic ma-
terial. Higher order shear deformation theory for the 
shell and Euler-Bernoulli theory for ring stiffeners are 
applied. The Rayleigh-Ritz method is used to derive the 
equations of the structure vibrations. The potential ener-
gy of the thin-walled structure is used. This potential en-
ergy consists of potential energy of the conical shell and 
potential energy of the ring. It is assumed that the ring 
vibrates in two perpendicular planes, performs vibrations 
in circumference directions, and torsional vibrations 
occur. The least action variational principle is used. As a 
result, the generalized eigenvalue problem is derived. 
The data of eigenfrequencies calculations is verified by 
finite element calculations in ANSYS software. 
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Introduction 
Nanotubes have much higher mechanical properties than steel and carbon fiber [1]. For example, the 

elastic modulus of nanotube is 100 times greater than one of steel. Therefore, the nanotubes are used to rein-
force the composite. The obtained nanocomposite is light and strong. Therefore, these nanocomposites are used 
in aeronautic engineering.  

Numerical analysis of mechanical properties of nanocomposites is very important for structures de-
sign. Liu and Chen [2] apply finite element technique to calculate reinforced nanotube composite mechanical 
characteristics. Odegard with coauthors [3] propose atomic model of nanocomposite. 

Several efforts were made to experimentally analyze nanocomposite properties. Allaoui and coau-
thors [4] analyze nanocomposite tension. Ci and Bai [5] experimentally study influence of nanotubes distri-
butions on nanocomposite characteristics. As follows from the experimental data [6], the nanocomposite ul-
timate strength is increased if number of nanotubes is increased. Nejati with coauthors [7] use rule of mixture 
to predict nanocomposite properties, which are obtained experimentally. 

Linear nanocomposite shell mathematical models are derived to analyze static and dynamic struc-
tures response in [8, 9]. Nanocomposite plate vibrations are considered in several papers [10–12]. Impact 
dynamics of nanocomposite cylindrical shell is analyzed in [13].  

Free linear vibrations of the conical shell with ring reinforcement are studied numerically in this pa-
per. Nanotube reinforced functionally graded composite is used for shell. Euler-Bernoulli model is imple-
mented for isotropic ring modeling. Rayleigh-Ritz method is used to study thin-walled structure vibrations. 
The obtained eigenfrequencies are compared with ones that are calculated in ANSYS software.  

Model of thin-walled structure 
Nanotube reinforced conical shell with ring from isotropic material is studied. The conical shell is ana-

lyzed in coordinate system (x, φ, z), which is shown on Fig. 1, a. The sketch of the ring is presented on Fig. 1, b 
and the whole structure is shown on Fig. 1, c. The ring coordinate system is related to the cross section of the 
ring (x1, z1). 
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Fig. 1. Outline of joined structure 
 
Nanotubes are aligned along x axis. Principal sketches 

of nanotubes reinforcements of shell are shown on Fig. 2. This 
figure shows five types of nanotube distributions in thickness 
direction z, namely: UD, FG-V, FG-Λ, FG-X, FG-O. The dis-
tribution functions of nanotubes in the thickness direction 
VCNT(z) for different types of nanotube reinforcements are 
shown in Table 1. 

Table 1. The dependences of nanotube 
distributions in the thickness directions  
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Fig. 2. Nanotube reinforcements of conical shell 

The rule of mixture is used to obtain the mechanical characteristics of the material 
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where indexes 1, 2, 3 are identical to x, φ, z; CNTE11 , CNTE22 , CNTG12  are elastic and shear modules; η1, η2, η3 are 
nanotube/matrix efficiency parameters; Em, Gm are elastic and shear modulus of the matrix; ρCNT, ρm are den-
sities of the nanotubes and the matrix. The Hooke’s law of the considered composite is 
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The stressed state of the conical thin-walled structure is analyzed. The middle surface circle has the 
radius  sinxr . The curvature radius of the middle surface is  tgxR . The shear and rotatory inertia 

are considered. The shear deformation theory [14] is applied. The displacement projections of the structure 
on the generating line and on the circumferential axes are denoted by ux, uφ. The displacement projections to 
the thickness direction are uz. The structure displacements are the following 
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where u, v, w are displacement projections of the middle surface; ψx, ψφ are rotation angles. The parameters 

θx, γx, θφ, γφ are derived from the boundary conditions: 0
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The elements of the strains tensor meet the following equations [15] 
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The summands of the expansion (2) are obtained by Maple software. Therefore, the expressions for 
the summands of the expansion (2) are not given in this paper.  

The strain energy of the conical shell is the following 
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where V is shell volume. The equations (2) are used in (3). The strains energy is the following 
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The kinetic energy takes the form 
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t

u
u x

x 


 . The expansion (1) is used in the kinetic energy (4). Then the kinetic energy is the following 

  



A j

jj PrddxrT
5

0

5.0 ,   

where 





h

h

j
j dzzzr

5.0

5.0

)( ;   j=0, 1, …; 222
0 wvuP   ; 

 222
2

1

1
2

2
2 wvu

R
v

R

v
uP x 


 






;  











 















 v
R

v
u

R
vv

RR

v
P xx 2

2
2

1
2

2 2
2

2

2
2

2 ; 











 












 vv
RR

v

R
vv

R
uP xx 2

21
22

2
2 2

2

2
2

3 ; 











 







 22
2

2
1

2
2

2 2
4 vv

R
u

R
v

R
P xxx ; 











 





  2

2
2

1
2 2

5 v
RR

P xx . 

The lower edge of thin-walled structure is clamped 
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where L2 is cone generating line length. 
The ring is attached to the upper edge of the structure x=L1. This ring is very important for the launch 

vehicles adapters. The explosive bolts are attached to adapters in order to separate the launch vehicle. But it 
is very important to reduce the amplitudes of the adapters vibrations to preserve the electronic equipment in 
operable conditions. Therefore, the considered problem is very important for aeronautic engineering.  

The deformations of the ring are modeled by Euler-Bernoulli theory [16]. The ring bending is de-
scribed by two displacements – ),( tu   and ),( tw   – in two perpendicular planes. The ring compres-
sion/tension is modeled by ),( tv  . Moreover, the ring performs torsional vibrations ),( t . Displacements 

of arbitrary points of beam U1, U2, U3 satisfy the equations: 
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where ψ1(φ, t), ψ2(φ, t) are rotation angles of the ring cross section. The ring cross sections coordinates x1, z1 
are shown on Fig. 1, b. The hoop strains take the form [16] 

 rX zx   11 ,   

where χx and χr are curvature variation. The values εφ, χx, χr are calculated as [16] 

 
rr R

wv

R






1

;   
rr

x R

wu

R






2

2

2

1
;   










v

R

w

R rr
r 22

2

2

11
,   

where Rr is ring radius. The shear strains of the ring ),(2
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The ring strain energy is 
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The matching conditions of joining of conical shell and ring take the form 
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The ring displacements and the shell generalized displacements satisfy the equations 

  sin),,(5.0),,(),( 111 tLbtLvtv ; 

 ),,(5.0cos),,(sin),,(),( 1111 tLbtLwtLutw x  ;  (5) 

  sin),(cos),(),( 11 LwLutu .   

The parameters εφ, χx, χr, χ can be calculated as 


















 
 sin),(),(5.0cos),(

),(
sin5.0

),(1
1111

1
1

1 LuLbLw
L

b
Lv

R x
r

; 

 
r

x

r
x R

LLwLu

R

),(
sin

),(
cos

2

),(1 1
2
1

2
1

2

2



















 ;   































  sin
),(),(

5.0cos
),(

sin
),(

5.0
),(1

2
1

2

2
1

2

12
1

2
1

1
1

2

LuL
b

LwL
b

Lv

R
x

r
r ; 

),(
sin),(1

1
1 







  L
R

L

R r

x

r

. 

The ring kinetic energy has the form 
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where ρr is ring material density. The kinetic energy of the ring is the following 
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The ring kinetic energy is derived with respect to the conical shell displacements. The equations (5) 
are substituted into the kinetic energy (6) 
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The kinetic and potential energies of the whole structure TΣ, ΠΣ are  

 1TTT  ;   1 .   
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Linear vibrations of structure 
The Rayleigh-Ritz method [18] is applied to analyze the linear vibrations of the structure. The linear 

vibrations of the truncated conical shell take the form 
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where ω is the frequency of the structural vibrations; n is number of circumferential waves. The functions 
Un(x), Vn(x), Wn(x), Xn(x), Yn(x) are presented in the following form 
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where N*=N1+N2+N3+N4+N5; A=[A1, …, AN*] are unknown parameters, which are obtained from the Ray-

leigh–Ritz method. The trial functions ϑi(x) take the form 
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sions (7) are substituted into the kinetic and the potential energies.  
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The least action principle is used as 
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The following equation is true 
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The functional stationary value satisfies the equations 
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These equations are transformed into the generalized eigenvalue problem 
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where C
~

, M
~

 are stiffness and mass matrixes. 

Numerical analysis of vibrations  
Parameters of linear vibrations of the cantilever thin-walled structure are analyzed. Mechanical 

properties of the nanotubes and the matrix are the following:  

η1=0.141; η2=1.585; η3=1.109; CNTE11 =2.247×1011 Pa; CNTE22 =5.5027×109 Pa; CNTG12 =1.436×109 Pa; 

CNT
12 =0.2938; CNT

21 =0.007194; CNT =1400 kg/m3; m =1150 kg/m3; m =0.34; mE =2.5 GPa.  

The conical shell geometrical parameters are the following:  
L1=0.225 m; L2=0.5 m; h=5×10-3 m.  

The ring is produced from aluminum alloy 518.0 with density ρr=2640 kg/m3; Young’s modulus 
E=0.71×1011 Pa; Poisson’s ratio μ=0.33; shear module G=2.7×1010 Pa. The ring cross section parameters are 
the following: height h=10×10-3 m and width b=5×10-3 m.  
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The eigenfrequencies and eigenmodes of the vibrations are calculated by the Rayleigh-Ritz method. 

Uniform nanotube reinforcements are applied for conical shell with *
CNTV =0.28. The expansion (7) contains the 

numbers of terms: N1=N2=N3=N4=N5=N. The obtained eigenfrequencies are shown in Table 2. The first twenty-
seven eigenfrequencies are given in this table. The first and the second columns of the Table show the eigen-
frequencies numbers and the numbers of terms of (25). The third column shows the numbers of circumferential 
waves n. The fourth column shows the Rayleigh-Ritz eigenfrequencies ωi in Hz. The fifth column shows the 
eigenfrequencies i  calculated by commercial ANSYS software. The sixth column presents the eigenfrequen-
cies relative differences δi. 

As the structure vibrations contain two conjugate modes, all eigenfrequencies shown in Table 2 are 
multiple. Fig. 5 shows the first three eigenmodes, which are obtained by the commercial ANSYS software. 

Table 2. Eigenfrequencies of thin-walled structure  

N* N n ωi, Hz 
ANSYS 

i , Hz δ 

1 7 2 669.75 670.74 0.001 
2 7 3 719.30 690.92 0.040 
3 7 4 813.40 764.83 0.060 
4 7 5 892.85 851.41 0.040 
5 7 1 900.21 907.69 0.008 
6 7 6 988.13 966.06 0.020 
7 7 7 1113.21 1113.40 1.7×10-4 
8 7 8 1270.38 1290.70 0.015 
9 7 2 1456.07 1464.10 0.005 
10 7 9 1455.92 1493.50 0.025 
11 7 3 1514.83 1522.70 0.005 
12 7 10 1665.04 1717.00 0.030 
13 7 4 1746.16 1724.10 0.010 
14 7 1 1703.22 1736.10 0.019 
15 7 5 1920.74 1874.40 0.020 
16 7 11 1893.43 1958.10 0.030 
17 7 6 2037.56 1995.10 0.020 
18 7 7 2151.15 2126.80 0.010 
19 7 12 2137.8 2214.60 0.030 
20 7 8 2286.92 2286.00 4×10-4 
21 7 9 2455.23 2480.90 0.010 
22 7 2 2483.21 2481.60 6.48×10-4 
23 7 13 2396.87 2486.30 0.035 
24 7 3 2531.27 2521.70 0.0037 
25 7 1 2606.84 2635.10 0.010 
26 7 10 2659.80 2712.20 0.019 
27 7 14 2669.31 2772.00 0.037 

  

 
a 

 
b 

 
c 

Fig. 5. Eigenmodes corresponding to the eigenfrequencies:  
a – 670.74 Hz; b – 690.92 Hz; c – 764.83 Hz 

Conclusions 
The dynamic stressed state of the composite conical shell with nanotube reinforcements is analyzed. 

Mathematical linear model of this structural vibration is developed using higher order shear theory. In order 
to obtain the correct mathematical model, the strains are presented up to cubic summands with respect to the 
lateral coordinate. The potential and kinetic energies are presented up to five order summands with respect to 
the shell lateral coordinate. The deformation behavior of the isotropic ring is considered in mathematical 
model of the thin-walled structure. This deformation behavior is described by the Euler-Bernoulli theory. 
Using the matching of the rotation angles and displacements, all unknowns are transformed to the shell gen-
eralized displacements. Thus, the linear mathematical model of thin-walled structural vibrations is derived.  
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The eigenfrequencies and eigenmodes are analyzed by using the Rayleigh-Ritz method. The results 
are validated by using the commercial ANSYS software. As follows from the results of numerical analysis, 
the eigenfrequencies spectrum is very dense.  
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Лінійні коливання композитної конічної оболонки, армованої нанотрубками,  
з кільцевим елементом жорсткості 

1 К. В. Аврамов, 1 Б. В. Успенський, 2 Б. Г. Любарський, 2 О. А. Смецьких, 1 І. В. Біблік 

1 Інститут енергетичних машин і систем ім. А. М. Підгорного НАН України, 
61046, Україна, м. Харків, вул. Комунальників, 2/10 

2 Національний технічний університет «Харківський політехнічний інститут», 
61002, Україна, м. Харків, вул. Кирпичова, 2 

Досліджуються лінійні коливання тонкостінної конструкції, що складається з конічної оболонки, армо-
ваної нанотрубками, і кільця, що посилює конструкцію. Армування нанотрубками проводиться так, що матеріал 
конічної оболонки є функціонально-градієнтним. Кільце кріпиться на кінці усіченої конічної оболонки. Така конс-
трукція є моделлю адаптера ракетоносія. Доводиться, що для ракетобудування актуальним завданням виступає 
динаміка даної конструкції. Матеріал оболонки є нанокомпозитом, а кільце виготовлено з ізотропного матеріа-
лу. Для моделювання напруженого стану оболонки використовується теорія зсуву високого порядку та теорія 
Ейлер-Бернулі для моделювання кільця. Передбачається, що кільце здійснює згинальні коливання у двох площинах, 
окружні переміщення і крутильні коливання. Для виведення рівнянь коливань конструкції застосовується метод 
Релея-Рітца. Після цього використовується потенційна енергія тонкостінної конструкції, яка складається з по-
тенційної енергії конічної оболонки і потенційної енергії кільця. Завдяки варіаційному принципу Остроградського-
Гамільтона приходимо до узагальненої проблеми власних значень. Результати розрахунку власних частот вери-
фікуються кінцево-елементними розрахунками у програмному комплексі ANSYS. 

Ключові слова: функціонально-градієнтний композит, армований вуглецевими нанотрубками, усічена 
конічна оболонка, параметри лінійних коливань. 
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