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Introduction

Nowadays, in the natural sciences — and above all in physics — problems concerning counting arise
when a variable within a given set (for example, the set of natural numbers) grows beyond all bounds. In-
deed, well-known problems, such as divergences in relativistic quantum mechanics, singularities in the black
hole theory, and the "beginning" appearing in various cosmological models, make the extrapolation concept
of counting toward quantities lying beyond the scope of empirical validation one of the most critical chal-
lenges. Clearly, significant modifications must be introduced into the logic and methodology of the post-non-
classical stage of scientific development as a whole.

Within the natural sciences, a fundamental intellectual "intervention”" is required. This applies not
only to the search for adequate geometric models of space-time relations in the micro- and macro-worlds —
an endeavor pursued for quite some time, with varying degrees of success, using non-Euclidean geometries —
but also (and perhaps primarily) to the establishment of foundations for adequate arithmetic models dealing
with infinitely large (or small) values. Undoubtedly, any new model claiming validity must be consistent
with the established classical Archimedean model of arithmetic; it must coincide with the latter within the
domain of practical counting — a requirement that reflects the well-known in the natural sciences "corre-
spondence principle". This problem was first addressed by P. K. Rashevskij in [1].

A specific realization of the concept of such a hypothetical sequence of natural numbers, constructed
as a formal mathematical apparatus for counting based on a modified Archimedean axiom, was proposed by
V. L. Rvachev [2-6]. This model of non-Archimedean arithmetic arguably represents the first constructive
implementation, which is relevant to the natural sciences, that moves beyond the dogmas associated with the
classical sequence of natural numbers. In this model, the author utilizes the relativistic velocity-addition the-
orem from special relativity to construct, among other things, arithmetic operations based on the assumption
that there exists a finite number ¢ beyond which no further numbers exist. An initial analysis of the model
reveals that it provides a specific mathematical representation of a numerical sequence possessing the onto-
logical character of an actual infinity — specifically, a realization of the Hegel’s "finite infinity" in the form
of a limiting number. This, in turn, suggests the potential for significant progress in addressing the problems
(or paradoxes) within Cantor’s set theory that arise from the concept of actual infinity.
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Thus, it may be said that the methodologically justified approach initiated by P. K. Rashevskij and
first implemented in the studies of V. L. Rvachev, the essence of which consists in introducing actual (finite)
infinity into the axiomatic framework of arithmetic, not only provides a new impetus for the search for an
adequate description of reality in the realm of the infinitely large, but also points to a concrete path toward
constructing an ontological model of actual (finite) zero in the realm of infinitesimal quantities.

1. Consequences of the n-ary addition formula and their applications
The starting point for writing this section is relativistic #-ary addition [2], which is represented by
the formula

Z o o o (1+ oo, )(1+ ax, )...(1+ ax, ) — (1 — aox, )(1 — ax, )...(1— oux, )

zoxi=x1+x2+...+xn= ‘ (1)
o o[+ ox) )1+ ox,)...d+ox,)+ (1 —ox))(1—ox,)...d—ox,)]
Here
xJOr y= al +2y ; o=c’! — relativistic addition; (2)
I+a xy

o
y|£c we have x+y<c.

¢ is the largest number satisfying the MAXI condition: for |x| <c,

It should be noted that the paper retains all the notations introduced by V. L. Rvachev when present-
ing the theory of non-Archimedean calculus [2—4].
We assume that in (1) x;1=x,=...=x,=x, then we have

X+x+..+x=M[N(x)"]. 3)
n times
Corollary 1.
M) =Ly =1
o x+1 l1-ax
It should be noted that the functions M(x) and N(x) are mutually inverse, that is,
M(N(x))=NM(x))=x. O]

Next, it is assumed that x=1; then we obtain

n=M[(ND)], (©)

C))

[0 [0 (o) (o)
where n=1+1+...+1.
| —

n times

The algorithm for determining the terms of the relativistic natural sequence is considered. The first

two terms, 0 and 1, are obtained by substituting #=0 and n=1, respectively, into formula (6). Through a
simple calculation, we get

Corollary 2. 0=0, 1=1.
Subsequent terms of the sequence are obtained using the following sequence of formulas [2]

)
o o o —— oo

o o
2=1+1; 3=2+41; n+l=n+l1, ...
and, finally, we write down the relativistic natural sequence

N= (0,1,2,3,...,}1,..) . ®)
It should be noted that for 0=0, series (8) coincides with the standard sequence of natural numbers
N=(0,1,2,3,..,n,..). 9)

Formula (6) is inverted by expressing z in terms of 7 using the following sequence of transformations
Nmn)=[ND]"; mNm)=nInN1); n=yInN(n), (10)
where y=In"' N(1).
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The left and right sides of the third formula from (10) are divided by y and the following is obtained
T ImN@). (11)
Y

The result of exponentiating expression (11) is written using the formula
exp(ﬁ] =N(n).
Y

Based on property (5), the last formula takes the form

;zM(expz]. (12)
Y

Formulas (10) and (12) are valid for any values of 7, not just integers.

Thus, formulas (10) and (12) define (x=n, x = n)
Corollary 3.

izm{amf} x=7InN(). (13)
Y

The first formula (13) is a representation of R=(-o0, ©0) on ¥=(-c, c), the second one — the mapping
inverse to it x—R, where M(x) and N(x) are determined by formulas (4).

We denote the right-hand side of the first formula (13) as v(x). The function t(x), which is the in-
verse of v(x), is found by carrying out the sequence

v(t(x)) = M(expLx)j =x; exp(Lx)J =N(x); ) =InN(x).
Y Y Y

As a result, we obtain the following
Corollary 4.

v(x) =M(exp£} H(x)=yInN(x), (14)
Y

where y=In"' N(1).
It should be noted that the functions v(x) and t(x) are mutually inverse
v(t(x))=1(v(x))=x (a0 VIx =TVX =X)
and satisfy the conditions

v(0)=0; v(D=1; 1(0)=0; w)=1. (15)
Both functions v(x) and 1(x) are monotonically increasing on the interval x=(-c, c).
The formula
x*y = vt *1(y)] (16)

o
is used to obtain relativistic operations. Here, * represents one of the four arithmetic operations, and * — the
corresponding relativistic operation.
1) Relativistic addition

x+y

It is showed that v[t(x) +7( y)] = 3
I+axy

. According to formulas (4), (14) we obtain

xty =v[r(x) + ()] = M[expG(v In N(x)+yIn N(y))ﬂ = M [expIn(N(x)N(»))]= M[N(x)N(»)]=

I+ox 1+oy
_l{M@N@yq_Lyﬂmme__ia+wm+wmﬂ—wm—wq_x+y
Ca| NN+ altaxltay o (+ox)(+op)+(I-al-ay) 1+a’xy’

l-ox 1-oy

which corresponds to formula (2).
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2) Relativistic subtraction
xX—-y
1-o’xy

Using formula (16), we show that v[t(x) —1( y)] = . Using the transformations of the previ-

ous paragraph, we have

© 1 N(x X—
x 2y = V60— (0] = M| exp| S (rIn NGy —yIn Ny | | = v 22| - XY
Y Ny)| 1-a‘xy
Thus, we obtain relativistic subtraction
PR (17)

- l—azxy'

Properties of operations x+y and x—y are given in papers [2—4], and the analysis of some of them

o
allowed us to conclude that the operation x+ y defines on an interval (-c, ¢) an additive abelian group with a
zero element 0 and an element (-x) opposite to x.

3) Relativistic multiplication
For this operation, formula (16) takes the form

xoy=vwy(y)= M{exp[%((v In N())yIn N(y)))ﬂ = Mlexp(yIn N(x)In N(»)]

or, taking into account formulas (4), we obtain

exp| yIn I+ox In I+ay -1
I—ox| |1-oy
Xoy=— (18)
o
exp ylnl+w€ 1n1+0cy +1
I-ox| |1-oy
4) Relativistic division
According to formula (16), we obtain
xCy= V[L’C)} =M exp(lMJ = M[exp(l In N(x)In™" N( y))}
W) Y yInN(y) Y
or, taking into account formulas (4), we write
exp lln I+ox In”' 1+ay -1
1 Yy |[1-ox 1-ay
Xoy=— (19)
o
exp lln I+ax 1n’1|1Jr W1
Yy |[1-—ox |1 —ay

Properties of operations xoy and x_y are given in [2-4].
In [4] it was shown that the operation xoy determines a multiplicative Abelian group on
R, =(—0,0) U(0,+0), x¥(x#0). The existence of the unit follows from the following: since t(1)=1, then

xol=v[t(x)-1]=x. The element inverse to x will be x™' = % .
T(x

[} 4]

Thus, we conclude that the system of operations IT= (x+ Vo X—Y, X0, X ¢ yj defines a field on the

set x=(-c, ¢) [2]. Isomorphism of fields IT and Il = (x+ VY, X—= Y, xp,x/ y) is implemented via mappings (13).
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2. Relativistic trigonometry
In paper [4], the relativistic sine and cosine are presented as series

. o o g o o g o
sing x =x—(19 31 o x” +(17 SNy o x™ —...,
o o 3 o o ° 0
cos, x =1—(1320) o x"+(1g ) o x™ —...
and it is proved, using the derivative, that
o ) o
.2 2
sing x+cos; x =1,
and also using series (20), (21) it is shown that

o o
sin (2o x) =2osin,  xocos, X .

readers."
This is precisely what we will undertake in this section.

1) Addition and subtraction formulas:

o o
sin,(x+y)=sin xocos, y+cos, xosin, y ;
o o
sin, (x—y)=sin xocos, y—Ccos, xosin, y;
o o . .
cos,(x+y)=cos, xocos, y—sin, xosin, y;
o o . .
cos,(x—y)=cos, xocos, y+sin, xosin, y.
These four formulas form the basis for deriving the following formulas.

2) Formulas for converting the sum and difference of trigonometric functions into a product:

sin, x+sin, y = 2o sino((ery)g 2) ° coso((x—y)g 2) ;

sin, x—sin y =20 sino((x—y)g 2} ° coso((ery)g 2} ;

cos, Xx+cos, y = 2o coso((ery)g 2) ° oS, ((x—y)g 2) ;

COS, X—CO0S, ¥ = 20 sino((ery)g 2j ° sino((x—y)g Zj .

3) Formulas for converting trigonometric functions into sums and differences:

o

sin, xocos, y = (sino(ery)+sin0 (x—y)j 02;

o

COS, X ©COS, y = (coso(x+ ¥)+cos, (x—y)J 02;
singxosin, y = (cos0 (x—y)—coso(x+y)j 02.
Example 1. Let us prove the validity of the first formula
sin,(x+y) =sin, xocos, y+cos, xosin, y,

by using series (20), (21).
The series on the left-hand side of the formula has the form

sin,(x+y)=x+y—(123) o (x+y)’ +...=x+y—(123) o x> (1230 > —x* 0 y 22—x0p* 22+....

12
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For the right-hand side, we obtain

sinoxocosoy+cosoxosin0y:&x—(123l)ox3+...]o(l 2"2+ j [1 x? °2+ ]O{)}—(lﬁ3!)oy3+_“]]:
3

o

=x+y-x0y> °2—(123)ox —(103') y —x*0y? 4.

which is what was to be proved.
Example 2. Let us prove the formula

. o . o . o o o o
sin, x+sin, y =2esin_ | (x+y); 2 [ocos, | (x—»)s 2 |.
To do this, we write down the two components of the formula
o o
sin,(a+p)=sin, oo cos, P+cos, aosin, f;

sin (a.—fB) =sin, aocos, P—cos, o osin B,
and add together the written-out formulas term by term

[}

o o
sin, (o+f) +sin, (. —P) =20sin, oo cos,B.

We denote (a+B)=x, (a—P)=y, then a=(x+y);2, B=(x—y). 2. By substituting in place of a
and [ their expressions in terms of x and y, we obtain the original formula.
Example 3. Let us also prove the formula

sin, xosin, y = (cos0 (x—y)—cos, (x+y)j o2

As before, we write down the two components of the formula
o o
cos,(x—y)=cos, xocos, y+sin, xosin, y;
(¢ o
cos,(x+y)=cos,xocos, y—sin xosin  y.
Subtract the formulas term by term

o [}

cos, (xiy)icos0 (xiy) =C0S, X °COS, y—oksin0 Xosin, y—cos,Xxocos, y+sin, xosin, y
and, by simplifying the right-hand side, we obtain the original formula.
3. Relativistic hyperbolic functions
Using a relativistic function exp,(x), it is possible to write down formulas for relativistic hyperbolic
functions sh x, ch x, th x, cth x:
a) hyperbolic sine

[} [} [}

sh x =| exp, x—exp,(—x) |22 ; (22)
b) hyperbolic cosine ) )
ch x= —expo x+ exp, (ix)_ 33 ; (23)
¢) hyperbolic tangent [3] ) )
th x =sh x ch x= (exp0 xiexp0 (i x)j g(expo xJorexp0 (i x)j ; (24)
d) hyperbolic cotangent
cth,x=ch x ;sh x = (expo X+ exp, (i x)j g(expo X exp, (i x)J . (25)
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If we represent the relativistic exponential as a series
° (¢ (¢ o0

exp, X —1+x+(1 2o x?+.. +(1°n')ox +..

it is possible to write the series for sh x, ch x as follows:

sh x = x+(1231) o x* +(1251) o x° +...

ch,x= x+(10 2') ox”+(12 4‘) oxt ...
Derivatives of relativistic hyperbolic functions

(sh,x)* =ch,x; (ch,x)* =sh x; (th x)° —1°ch2 (cth,x)* =—1°sh’x.

0 ’

Fundamental relations between hyperbolic functions

o

ch%x—sh%x =1;
sh_ (20 x) = 20sh_xoch_x:
ch, (20 x) = sh2x +ch2x

1) Addition and subtraction formulas:

sh, (x+ ) =sh xoch, y+ch xosh,y;

sho(xiy) =sh xo choyichoxo sh,y;

ch, (x+y)=ch,xoch, y+sh xosh,y;

¢h, (x—y)=ch_xoch, y—sh_xosh,y
2) Formulas for converting a sum or difference into a product:

sh_x+sh,_y = 2osh ((x+y) Zjoch ((xoy)gﬁj,

j ((Hy)ﬁ

ch x+ch, y =2 Cho((x+ )° j ch,

(X+y)§ j°sho((x e j

sh,x—sh_ y =2osh,

b

ch x— ch = 2osh

Example 1. Let us prove that
ch’x—sh’x=1.

o

By differentiating a function y =ch2x—sh’x , we obtain

y® =20ch xosh x—2osh xoch,x=0

with the right-hand side (30) (const)” =0.
Example 2. To prove relation (31), we multiply the series for sh x and ch x, then we find a series for

27)
(28)

(29)

(30)

€2))
(32)

the function (17 2)osh (20 x). The latter can be obtained from series (27) by substituting 20 x instead of x. So,

we get that sh (20 x)=20sh xoch x.

Example 3. Relation (32) is reduced to relation (31) by differentiating both the left- and right-hand
sides; the subsequent steps are the same as in Example 2.

14
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Example 4. Let us prove the validity of the relation sh (x+y)=sh xoch y+ch xosh y, using se-

ries (27), (28).

The series for the left-hand side has the form
shy(x+p)=x+y+(1230)o(x+y)’ +..=x+y+(123) o x” +(1231) 0 y* +x% 0 y 2+ x0 3% 22+....
For the right-hand side, we obtain

o

sh xoch y+ch xosh,y=x+y+(1°3)ox’ +(1231) 0 3’ +x% 0y 2+ x0 > 2+...,

which is what was to be proved.

Example 5. Let us prove the relation
shoxjrshoy = Eo sho((xiy) gﬁj ° cho((xiy) gﬁj .
We write down two proven relations:
sh_ (a+B)=sh o och Brch oosh

sh,(o—B)=sh aoch B-ch aosh 3.
Adding the written-out relations term by term, we obtain

sh_(c+B)+sh, (c—B)=20sh_coch,p.

Using the notation a+B=x, a—PB=y, a=(x+y):2, and B=(x—y) .2, applied in Example 2 of

the second section, we obtain the initial relation.

Conclusions

The relativistic formula for zn-ary addition, proposed by V. L. Rvachev, is studied. The structure of a

relativistic series — that is, a series with a maximum term — is defined. A relativistic trigonometry is present-
ed, encompassing formulas for addition, the conversion of a sum of trigonometric functions into a product,
and the conversion of a product of trigonometric functions into a sum. Utilizing the relativistic exponential
function, formulas for relativistic hyperbolic functions are derived, and their properties are outlined. Certain
examples of applying relativistic calculus to describe physical laws within the context of a non-Archimedean
Universe are presented in papers [5, 6].
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Po3BuTOK HeapxumenaoBoro odouunciaenns B. JI. PBauoBa

M. C. Cunexon, ' 1. K. Kpasuenko|, 2 T. I. Ileiiko

! IlepsxaBHui 610TEXHONOTTYHHI YHIBEPCHTET,
61002, M. XapkiB, ByJ. AT4eBChKUX, 44

2JHCTUTYT EHEPreTUYHKUX MalIvH i cucteM iM. A. M. Tlinropuoro HAH Vkpainu,
61099, Ykpaina, M. Xapkis, Bys1. KomynaneHukis, 2/10

Cmammio niocomoenerno yunamu akademixa B. JI. Peauosa — aemopa neapxime0oeozo oouucienns. CmpykmypHo

cmamms NOOUILEMbCA HA Mpu po30UIU. Y nepuiomy 3 HUX OOCTLONHCEHO PesIMUBICICbKY opmyy n-apHoeo 0odasanHs. [le-
PemBOpeHHsL 32a0aHoi GopmMynu 00360IUNU OMPUMAMY YOMUPYU HACTIOKY, WO CIMAHOGIAMb: 08I NAPU 63AEMHO 360POMHUX
DYHKYIU, SKI 3 YPAXYBAHHAM IX 61ACMUBOCHIEN GUSHAYAIONb KOHCMPYKYII0 HeapXimedo8020 0GUUCIEHHS, CIMPYKMYPY pes-
MUBICMCbK020 psady; 06a 8i000PaNCEHHI MHONCUH R=(-00, ) u X=(-C, ¢). ¥ Opyeomy po30ini npedcmagneHo persmusicmco-
Ky MpUSOHOMEmpIio, KA 6KIOYAE GOpMYU: O00ABAHHS; NEPEMEOPEHHS CYMU MPULOHOMEMPUUHUX (YHKYIT HA 00OYMOK;
nepemeoperHs 006YMKy MpUSOHOMEMPUYHUX YHKYI Ha cymy. Y mpembomy po3oini 3a O0ONOMO20H0 PeNsmugicmcykoi exc-
NOHEHMU OMPUMAHO OPMYIU PETSIMUBGICICOKUX 2INePOONIYHUX YHKYI MA UNUCAHO IX 6IACMUEOCHIL.

Kntwouoei cnosa: neapximeoose obyucieHts, 004UCIEHHS 3 MAKCUMATILHUM YUCTIOM, HeapXimedoea aneebpa, Ki-

HYe6a HeCKIHYeHHICMb, PeNAMUGICMCOKUTI HAMYPATbHULL PAO.

Jliteparypa

1

2.
3.

16

Pamesckuii I1. K. O normare HatypasnsHOro psina. Ycnexu mamemamuueckux nayk. 1973. T. 28. Beim. 4 (172).
C. 243-246.

PBaueB B. JI. PenaTuBUCTCKAN B3I/ HA pa3BUTHE KOHCTPYKTUBHBIX CPEJICTB MaTeMaTHKU. Xapbkos, 1990. 44 c.
PBaueB B. JI. HeapxumenoBa apudmeTnka ¥ Apyrue KOHCTPYKTHBHBIE CpPEJCTBa MaTEeMAaTHKH, OCHOBaHHBIE Ha
UAeSX CIIEIUATbHON TEOPUU OTHOCUTENBHOCTH. JJoxknadvl Axademuu nayx CCCP. 1991. T. 316. Ne 4. C. 884-889.
PBaues B. JI. PensTuBrCTCKOE M IpyTHie HEApXUMEIOBHI UCUHCICHHsI. XapbKoB, 1992. 47 c.

Avinash K., Rvachev V. L. Non-Archimedean algebra: Applications to cosmology and gravitation. Foundations
of Physics. 2000. Vol. 30. P. 139-152. https://doi.org/10.1023/A:1003647210704.

Rvachev V. L., Avinash K. Quadratic red shift law and the non-Archimedean Universe. Radio Physics and Ra-
dio Astronomy. 2001. Vol. 6. No. 2. P. S34-S36. https://doi.org/10.15407/rpra.

ISSN 2709-2984. Journal of Mechanical Engineering — Problemy Mashynobuduvannia, 2026, vol. 29, no. 3



